Let L=
{w=uv:ue{a b}, ve{cd*and |u|=|v|}

1. Design a context-free grammar that
generates L.

2. Use your grammar and the construction
from last class to design a PDA that

accepts L.
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Languages which are not context-free
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Languages which are not context-free

The pumping theorem, a statement about
context-free languages, is used to create proofs
(by contradiction) that languages are not
context-free.

Closure properties can be used: We will prove
next class that intersecting a context-free
language and a regular language gives a context-
free language.

Once we have some languages proven to not be
context-free, we can give counterexamples to
show that context-free languages are not closed
under intersection or complement.



The Pumping Theorem for Context-Free
Languages:

Let G be a context-free grammar.

Then there exists some constant k which
depends on G such that for any string w
which is generated by G with |w]| > k,

there exists u, v, X, y, z, such that
1. w=uvxyz,
2. |vl+lyl21,and

3. uvixy'zisinlL forallnxO0.



To pump:

/ ?\ Look for a
A

T path from

b/ / \ \ root with a

B T Cc repeated
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\ hon-terminal.

b A B Path:

B/ U \b S-A-T-A

\ | Non-terminal A
b ¢ is repeated.
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x=bc



To pump n
times:

New vyield is:

=uvixyhz




Theorem: L ={a"b"c" : n>0}is not
context-free. Choose w= a* b ck.

Consider all possibilities for u, v, x, y, z:
Case l: visinthe ad's

Case 2: visinthe b's

Case 3:visinthe c's

Case 4: v has both a's and b's
Case 5: v has both b'sand c's

Case 6: v has a's, b'sand ¢'s



w= ak bk ck.
Case l: vis in the a's
Case 1.1: yisin the a's
Case 1.2:yisintheb's
Case 1.3:yisinthe c's
Case 1.4: y has both a's and b's
Case 1.5: y has both b's and ¢'s

Case 1.6:y has d's, b'sand c's
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w= ak bk ck.
Case 2: visinthe b's

Case 2.1: yisinthe b's

Case 2.2:yisinthe c's

Case 2.3: y has both b's and ¢'s
Case 3: visin the c's

Case 3.1: yisinthe c's
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w= ak bk ck,
Case 4: v has both a's and b's
Case 4.1:yisinthe b's
Case 4.2:yisinthe c's
Case 4.3: y has both b'sand ¢'s
Case 5: v has both b's and c¢'s
Case 5.l yisinthe c's
Case 6: v has da's, bsand c's

Case 6.1: y is in the c's
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w= ak bk ck. MUST CONSIDER ALL CASES:

Case l: visin the ad's Case 3: v is in the c's

Case 1.1: yisin the a's Case 3.1:y is in the C's
Case 4: v has both a'sand b's

Case 4.1: yisinthe b's

Case 1.2:y isin the b's
Case 1.3:y isin the c's
Case 1.4: y has both a's and b's
Case 1.5: y has both b's and ¢'s

Case 1.6:y has a's, b'sand c's

Case 4.2:y isin the c's
Case 4.3:y has b'sand c's
Case 5: v has both b's and c's

Case 2: visintheb's Case 5.1y is in the C's

Case 2.1:yisintheb's Case 6: v has d's. b's and c's
Case 2.2:y isinthe c's

Case 2.3: y has both b'sand c's

Case 6.1: yisin the C's
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Case l: vis in the d's

Case 1.1: yisin the d's

Case 1.2:yisintheb's

Case 1.3:yisin the c's

Case 1.4: y has both a's and b's

Case 1.5: y has both b's and c's

Case 1.6:y has a's, b'sand c's
Case 2: visintheb's

Case 2.1:y isin the b's

Case 2.2:y isin the c's

Case 2.3: y has both b's and c's
Case 3: visinthec's

Case 3.1: yisin the C's

CASE A: v andy contain at
most one type of symbol.

CASE B: v or y has more
than one type of symbol.

Case 4: v has bothd'sand b's
Case 4.1: yisinthe b's
Case 4.2:y isin the c's
Case 4.3:y has b'sand c's

Case 5: v has both b's and ¢'s
Case 5.1: y isin the c's

Case 6: v has a's, b'sand c's
Case 6.1: y isin the c's
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Theorem: L={a"b"c" : n>0}is not
context-free. Choose w= ak bk ck,

CASE A: v and y contain at most one type of
symbol.

Pump zero times. The number of occurrences of
one or two types of symbols decreases but the
number of occurrences of at least one type of
symbol remains the same. Hence the resulting
string no longer has equal numbers of a's, b's and
C’s.

CASE B: v or y has more than one type of symbol.
Pump twice. The resulting string is not in L since it
IS not of the form a*b*c™*.
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Final formal proof (by contradiction):

Theorem: L={a"b"c" : n>0}is not
context-free.

Assume that L is context-free. Then there
exists some constant k such that for all
strings w in L with length at least k, the
pumping theorem holds.

Choose w= ak bk ck. This stringw is in L and
the length of w is at least k and therefore,
the pumping theorem holds.

16



The Pumping Theorem for Context-Free
Languages:

Let G be a context-free grammar.

Then there exists some constant k which
depends on G such that for any string w
which is generated by G with |w]| > k,

there exists u, v, X, y, z, such that
1. w=uvxyz,
2. |vl+lyl21,and

3. uvxy“zisinL forallnz20. 17
Y



Consider all ways to factor w as uvxyz such that
vl + |yl 2 1

CASE A: v and y contain at most one type of
symbol.

Pump zero times. The number of occurrences of
one or two types of symbols decreases but the
number of occurrences of at least one type of
symbol remains the same. Hence the resulting
string no longer has equal nhumbers of d's, b's and
C's.

CASE B: v or y has more than one type of symbol.
Pump twice. The resulting string is not in L since it
IS not of the form a*b*c™.
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Note that I am very careful with the wording of
the proof. For example:
Case 1.2: visintheds,yisintheb's
Factorizations are of the form:
a' al akii br bs bkrs ¢k where j+s2> 1.
v Y
Pumping zero times gives:
ai (@ )0 ak-i br(bs )0 bkrs ck
= a aki-i brbkr-s ck
= akl bks ck NOTE: j+s21.
If j=0: ak bks ck=less b's.
If s=0: gk bk ck= less d's.
If j20and sz 0: aki bks ck =
more ¢'s thana's or b's. 19



Theorem: L= {w in{a, b, c}* : w has the same
number of a's, b's and c's} is not context-free.

Proof (by contradiction):

Assume L is context-free. Since a context-free
language intersected with a regular language
must be context-free, this means that:

L' =
But

L N a* b* c* is context-free.

'={a"b"c" : n20}and hence L' is not

context-free.
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The Pumping Theorem for Context-Free
Languages:

Let G be a context-free grammar.

Then there exists some constant k which
depends on G such that for any string w
which is generated by G with |w]| > k,

there exists u, v, X, y, z, such that
1. w=uvxyz,
2. |vl+lyl21,and

3. uvxy“zisinL forallnz20. 21
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Proof: If the string w is long enough, then there

is a path from the root with a non-terminal

repeated which does not have both v and y equal
to the empty string.
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Take parse tree
apart to get building
blocks.
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To pump O times:

S

New yield is u x z

=uvOxydz

24



To pump 2 times:

New yieldisuvvxyyz=uv?xy?z
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To pump 3 times:

New yieldisuvvvxyyyz=uv3xys3z
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To pump n times:

New yield is

uvtxy"z T

V=t 1 Y



