Manufacturing Microwaves

A company produces both small and large
microwave ovens.

Machine time: 4 hours for small ovens and 3
hours for large ones. A total of 100 machine
hours are available per day.

Assembly time: 2 hours for small ovens and 3
hours for large ones. There are 48 hours of
assembly time available per day.



Market potential: 15 per day for small ovens and
20 per day for large ones.

The marketing department wants the company to
produce at least 10 products per day, in any
combination.

Each small oven contributes $2000 to profit and
each large oven contributes $2500 to profit.

What is the LP problem?



How many small and large ovens should be
produced per day to maximize profit?

X;: Number of small microwaves to
manufacture.

X,: Number of large microwaves to
manufacture.

Product |[Machine |[Assembly |Market Profit

Time Time Potential
Small 4 2 < 15 2000
Large 3 3 <20 2500

Total <100 <=48 >10




Maximize 2000 X1 + 2500 X2
subject to

4 X; + 3 X, < 100
2 X; + 3 X, £ 48
X1 < 15
X, < 20

And:

Xy + X, =2 10
Which 1n standard form 1is:
_Xl - Xz S _10

X, X, 2 0



Considering the units:

S= number of small ovens

L= number of large ovens

mach = number of hours of machine time
asmb= number of hours of assembly time
spot= pot for small ovens

lpot= pot for large ovens

mreqg = minimum number of required ovens



Maximize

(profi1t/S)(S) + (profit/L) (L)

subject to

(mach/S) (S)+
(asmb/S) (S)+
(spot/S) (S)+
(1pot/S) (S)+

(mreq/S) (S)+

(mach/L) (L)
(asmb/L) (L)
(spot/L) (L)
(Tpot/L) (L)
(mreq/L) (L)
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mach
asmb
spot
Ipot
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THE PRIMAL:What are dual units?
Maximize (profit/S)(S) +
(profit/L) (L)

subject to
(mach/S) (S)+

(asmb/S) (S)+
(spot/S) (S)+
(Tpot/S) (S)+

(mreq/S) (S)+

(mach/L) (L)
(asmb/L) (L)
(spot/L) (L)
(Tpot/L) (L)
(mreq/L) (L)
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The dual problem:
Minimize

100 Y; + 48 Y, + 15 Y; + 20 Y, -10 Y:
subject to

4 Y, + 2 Y, + Y3 -Ys
3Y,+3Y, +
Yi, Yy, Y3, Y4, Yo 2

2000

>
> 2500

The units for the dual:

Y,: profit/mach

Y,: profit/asmb

Y;: profit/spot

Y,: profit/1pot

Y.: profit/(mreq decreasing)




Solving the primal problem:

The 1nitial dictionary:

X3 = 100 -4 X1 - 3 X2
X4 = 48 -2 X1 - 3 X2
X5 = 15 -1 X1 + 0 X2
X6 = 20 +0X1 - 1X2

X7 = -10 + 1 X1 + 1 X2

Z = 0O +2000 X1 +2500 X2



Initial tableau:

X1 X2 X3 X4 X5 X6 X7

RPORLNPD

) =2 O W W

OO OO

OO ORrrO

OO RrOO

ORrRr OO0

RO O OO0

X1
X2
X3
X4
X5
X6
X7

| 20

11007
| 48_
| 15

-10_




The final dictionary:

X3 = 22 + 1 X4 + 2 X5
X2 = 6 - 0.33 X4 + 0.67 X5
X7 = 11 - 0.33 X4 - 0.33 X5
X6 = 14 + 0.33 X4 - 0.67 X5
X1 = 15 + O X4 - 1 X5
z = 45000 -833.33 X4 -333.33 X5

The optimal solution: 45000
The dual solution:

Y1= 0, Y2= 833.33, Y3= 333.33,
Y4=0, Y5=0



The optimal strategy 1s to produce 15
small machines and 6 large machines.
The dual solution:

Y= 0,Y,= 833.33,Y;= 333.33,Y,=0,Y:=0
Recall the units:

Y,: profit/assembly

Y;: profit/spot

From this, we can see that 1ncreasing
the assembly hours by one unit
increases profit by $833.33 and 1f
there was potential to 1ncrease the
number of small machines that could

be sold by one unit, 1t would

increase the profit by $333.33. -



he corresponding tableau
001 -1.00 -2.00 0 O ]
010 0.33 -0.67 0 O _
000 0.33 0.33 0 1.
000 -0.33 0.67 1 O _
100 0.00 1.00 O O

X1
(X2
X3
X4
X5
X6

X7

| 22,

6.

11
14
15

How does the optimal strategy change:

tl extra machine hours
t2 extra assembly hours

t3 more small machines can be sold
t4 more large machines can be sold

t5 decrease to min number of machines

produced.




Initial tableau:
X1 X2 X3 X4 X5 X6 X7

R ORNAA
P RO WwWWw
OO OO
OO ORrRO
OO R OO
OoORrRrOOO

Final basis: X3, X2, X7, X6, X1

R O O OO

X1
X2
X3
X4
X5
X6
X7

| 20

11007
| 48
| 15

-10_
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0000 1][X7]=1]

0101 0][X6
'0-1 1 0 -1][X1]

1 3 0 0 4][X3]
0 3 0 0 2][X2]

X3 X2 X7 X6 X1

The basis matrix B:




I computed the inverse of B using
the following Matlab commands:

B= [1 3 O 0 4 ;
0O 3 O 0 2 ;
0O O O 0 1 ;
0 1 O 1 0 ;
0 -1 1 0 -1]
1nvB= 1nv(B)

The 1nverse 1s:

1 -1.00 -2.00 O 0
0 0.33 -0.67 O 0
0 0.33 0.33 O 1
0O -0.33 0.67 1 0
0 0.00 1.00 O 0



The 1nverse 1is:

1 -1.00 -2.00 O

0 0.33 -0.67 O

0 0.33 0.33 O

0 -0.33 0.67 1

0 0.00 1.00 O
The final dictionary:
X3 = 22 + 1 X4
X2 = 6 - 0.33 X4
X7 = 11 - 0.33 X4
X6 = 14 + 0.33 X4
X1l = 15 + O X4
The 1nverse

OO RrROO

+ o+

2 X5
0.67 X5
0.33 X5
0.67 X5
1 X5

1s hiding 1n here.



If the update to b 1s

[ t1 t2 t3 t4 t5]" and the ti1's are
not too big, the change to the
optimal solution 1s:

1 -1.00 -2.00 O 0 ] [t1 .
0 0.33 -0.67 O 0 ] [t2 .
0 0.33 0.33 O 1 ] [t3 ]
0 -0.33 0.67 1 01 [t4 ]
0 0.00 1.00 O 0 ] [t5




So the new solution would be:

X3= 22 +t1 - 1.00

X2= 0
X7= 20
Xo= 14
X1= 15

+

+
+

0.33
0.33
0.33
0.00

t2
t2
t2
t2
t2

-2.00
-0.67
+0.33
+0.67
+1.00

t3

t3

t3 +

t3 + t4
t3

+ t5



In terms of the original variables:
X1= 15 + 0.00 t2 + 1.00 t3
X2= 6 + 0.33 t2 - 0.67 t3

1. Increase assembly hours by 3(t2=3):
X1l= 15, X2= 7,

profit increases by 833.33 * 3 = 2500

2. Increase number of small units that
can be sold by 3 (t3=3):
X1l= 18, X2= 4,

profit increases by 333.33 * 3 = 1000

3. Increase both by 3 (t2=3, and t3=3):
X1l= 18, X2= 5,

profit increases by 833.33%3 + 333.33%*3

= 3500



If there 1s too much of an increase to
t2 (assembly hours), there 1s no
longer any benefit:

There are two equations that 1mpose a
feasibility constraint on t2:

(1) X3= 22 + 1 t1 - 1.00 t2 - 2.00 t3
+ 0 t4 + 0 t5

(2) X6= 14 + 0 t1 - 0.33 t2 + 0.67 t3
+ 1 t4 + 0 t5



(1) X3= 22 +1 t1 -1.00 t2 -2.00 t3
(2) Xb6= 14 +0 t1 -0.33 t2 +0.67 t3+ t4
The constraints are:

(1) t2 <= 22 (tightest)
(2) t2 <= 42

Consider (1):

X3= 22 + 1 t1 - 1.00 t2 - 2.00 t3
If t2 > 22, then constraint 1 1is
violated:

(at most 100 machine hours)
4 X1 + 3 X2 £ 100

X1= 15, X2 > 6 + 22/3

22



If there 1s too much of an i1ncrease
to t3 (potential for small
machines), there 1s no longer any
benefit:

There are two equations that 1mpose
a feasibility constraint on t3:

(DX2= 6 + 0 t1 + 0.33 t2 - 0.67
t3 + 0 t4 + 0 t5

(2) X3=22 +1 t1l - 1.00 t2 - 2.00
t3+0t4 +0



(1O)X2= 6 + 0 t1 + 0.33 t2 - 0.67 t3
(2)X3= 22 + 1 t1 - 1.00 t2 - 2.00 t3

The constraints are:
(1) t3 <= 9 (tightest)
(2) t3 <= 11

If t3 > 9, then the value of X2 would
go negative.

This means that the basis 1s no longer
valid: X2 would exit the basis, and no

large machines would be made.

24



