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“un gatto ha sette vite”



Way back in 1968 .... from Knuth Vol. 1



with MIX solution:



From the latest edition of Vol. 1



The problem is also featured in Concrete Mathematics

I A nice result when k = 2: J( (10101100)2 ) = (1011001)2
(circular left shift).

I A “Bonus Problem”: Suppose that Josephus finds himself in a
given position j , but he has a chance to name the elimination
parameter k such that every kth person is executed. Can he
always save himself?



Notation for the Feline version

I n, the number of persons (or cats) in the circle.

I k , the skip value. Every k-th person (or cat) is
hit.

I `, if a cat is hit this many times it dies;
otherwise, it is still alive and can be hit again.
(Un gatto ha ` vite.)

Sample question: What happens if n and k are fixed and `→∞?
kill(n) for n = 12 and k = 14642 and ` = 1, 2, . . . , 10:

kill(n) 9 1 11 11 11 5 5 5 1 1

` 1 2 3 4 5 6 7 8 9 10



Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3

11
1

222

44
4

55
5

hit: 363636



Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3
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Example with n = 6, k = 3 and ` = 3

1

hit: (36)3(4215)2425



Example with n = 6, k = 3 and ` = 3

1

hit: (36)3(4215)24251



More terminology (here n = 5, k = 2 and ` = 3)

1

5

4 3

2

3

hit(1..15) = 2, 4, 1, 3, 5, 2, 4, 1, 3, 5, 2,︸ ︷︷ ︸
round(1)

4, 1, 5, 3︸ ︷︷ ︸
round(2..5)

,

kill(1..5) = 2, 4, 1, 5, 3.



Two Observations

Cats = humans when n⊥k (i.e., when gcd(n, k) = 1) observation.

I When n⊥k , the kill sequence, τ , is the same for all values of `.

I The hit sequence will have the form π`−1τ , where π and τ are
both permutations of 1, 2, . . . , n.



Two Observations

Useless spiral observation:

I In round r there is a “useless spiral” if k > n − r + 1.

I So in that round we can use k mod (n − r + 1) instead of k.

I The hit sequence is the same using k or
k mod lcm{1, 2, . . . , n}.



Our two theorems

If ` is large enough, then kill(n) is fixed.

Theorem
Given fixed values of n and k, the last surviving element kill(n) is
constant in the feline Josephus problem for all ` ≥ Fn+2, where Fn

is the n-th Fibonacci number.

Josephus can always save himself if he is allowed to choose k .

Theorem
Suppose n and j are fixed and satisfy 1 ≤ j ≤ n, and ` is an
arbitrary positive integer. There exists a value of k such that
kill(n) = j .



Behavior for large `
Example with n = 12, k = 14642 (and r ′ = 14642 mod (n−r)).

r r ′ 1 2 3 4 5 6 7 8 9 10 11 12

0 2 ` ` ` ` ` ` ` ` ` ` ` `
1 1 ` 0 ` 1 ` 1 ` 1 ` 1 ` 1
2 2 ` . `−1 0 ` 1 ` 1 ` 1 ` 1
3 8 ` . `−1 . ` 0 ` 1 ` 1 ` 1
4 2 `−1 . `−2 . ` . ` 1 ` 1 ` 0
5 5 `−1 . 0 . ` . 3 1 3 1 3 .
6 2 `−1 . . . ` . 3 1 3 0 3 .
7 2 `−4 . . . ` . 0 1 1 . 3 .
8 2 `−4 . . . ` . . 1 0 . 3 .
9 2 `−5 . . . ` . . 0 . . 3 .

10 0 `−8 . . . `−2 . . . . . 0 .
11 0 `−8 . . . 0 . . . . . . .
12 0 . . . . . . . . . . .

round(1) = (2, 4, 6, 8, 10, 12)`−1, 2

round(5) = (3, 7, 9, 11)`−3, 3 round(6) = 10

round(7) = (1, 7, 9)2, 1, 7 round(8) = 9

round(9) = 1, 8 round(10) = (1, 11, 5)2, 1, 11

round(11) = 5`−2 round(12) = 1`−8



Behavior for large `
Example with n = 12, k = 14642 (and r ′ = 14642 mod (n−r)).

r r ′ 1 2 3 4 5 6 7 8 9 10 11 12

0 2 ` ` ` ` ` ` ` ` ` ` ` `
1 1 ` 0 ` 1 ` 1 ` 1 ` 1 ` 1
2 2 ` . `−1 0 ` 1 ` 1 ` 1 ` 1
3 8 ` . `−1 . ` 0 ` 1 ` 1 ` 1
4 2 `−1 . `−2 . ` . ` 1 ` 1 ` 0
5 5 `−1 . 0 . ` . 3 1 3 1 3 .
6 2 `−1 . . . ` . 3 1 3 0 3 .
7 2 `−4 . . . ` . 0 1 1 . 3 .
8 2 `−4 . . . ` . . 1 0 . 3 .
9 2 `−5 . . . ` . . 0 . . 3 .

10 0 `−8 . . . `−2 . . . . . 0 .
11 0 `−8 . . . 0 . . . . . . .
12 0 . . . . . . . . . . .

round(1) = (2, 4, 6, 8, 10, 12)`−1, 2 round(2) = 3, 4

round(5) = (3, 7, 9, 11)`−3, 3 round(6) = 10

round(7) = (1, 7, 9)2, 1, 7 round(8) = 9

round(9) = 1, 8 round(10) = (1, 11, 5)2, 1, 11

round(11) = 5`−2 round(12) = 1`−8



Behavior for large `
Example with n = 12, k = 14642 (and r ′ = 14642 mod (n−r)).

r r ′ 1 2 3 4 5 6 7 8 9 10 11 12

0 2 ` ` ` ` ` ` ` ` ` ` ` `
1 1 ` 0 ` 1 ` 1 ` 1 ` 1 ` 1
2 2 ` . `−1 0 ` 1 ` 1 ` 1 ` 1
3 8 ` . `−1 . ` 0 ` 1 ` 1 ` 1
4 2 `−1 . `−2 . ` . ` 1 ` 1 ` 0
5 5 `−1 . 0 . ` . 3 1 3 1 3 .
6 2 `−1 . . . ` . 3 1 3 0 3 .
7 2 `−4 . . . ` . 0 1 1 . 3 .
8 2 `−4 . . . ` . . 1 0 . 3 .
9 2 `−5 . . . ` . . 0 . . 3 .

10 0 `−8 . . . `−2 . . . . . 0 .
11 0 `−8 . . . 0 . . . . . . .
12 0 . . . . . . . . . . .

round(1) = (2, 4, 6, 8, 10, 12)`−1, 2 round(2) = 3, 4

round(3) = 6

round(5) = (3, 7, 9, 11)`−3, 3 round(6) = 10

round(7) = (1, 7, 9)2, 1, 7 round(8) = 9

round(9) = 1, 8 round(10) = (1, 11, 5)2, 1, 11

round(11) = 5`−2 round(12) = 1`−8



Behavior for large `
Example with n = 12, k = 14642 (and r ′ = 14642 mod (n−r)).

r r ′ 1 2 3 4 5 6 7 8 9 10 11 12

0 2 ` ` ` ` ` ` ` ` ` ` ` `
1 1 ` 0 ` 1 ` 1 ` 1 ` 1 ` 1
2 2 ` . `−1 0 ` 1 ` 1 ` 1 ` 1
3 8 ` . `−1 . ` 0 ` 1 ` 1 ` 1
4 2 `−1 . `−2 . ` . ` 1 ` 1 ` 0
5 5 `−1 . 0 . ` . 3 1 3 1 3 .
6 2 `−1 . . . ` . 3 1 3 0 3 .
7 2 `−4 . . . ` . 0 1 1 . 3 .
8 2 `−4 . . . ` . . 1 0 . 3 .
9 2 `−5 . . . ` . . 0 . . 3 .

10 0 `−8 . . . `−2 . . . . . 0 .
11 0 `−8 . . . 0 . . . . . . .
12 0 . . . . . . . . . . .

round(1) = (2, 4, 6, 8, 10, 12)`−1, 2 round(2) = 3, 4

round(3) = 6 round(4) = 3, 1, 12

round(5) = (3, 7, 9, 11)`−3, 3 round(6) = 10

round(7) = (1, 7, 9)2, 1, 7 round(8) = 9

round(9) = 1, 8 round(10) = (1, 11, 5)2, 1, 11

round(11) = 5`−2 round(12) = 1`−8



Behavior for large `
Example with n = 12, k = 14642 (and r ′ = 14642 mod (n−r)).

r r ′ 1 2 3 4 5 6 7 8 9 10 11 12

0 2 ` ` ` ` ` ` ` ` ` ` ` `
1 1 ` 0 ` 1 ` 1 ` 1 ` 1 ` 1
2 2 ` . `−1 0 ` 1 ` 1 ` 1 ` 1
3 8 ` . `−1 . ` 0 ` 1 ` 1 ` 1
4 2 `−1 . `−2 . ` . ` 1 ` 1 ` 0
5 5 `−1 . 0 . ` . 3 1 3 1 3 .
6 2 `−1 . . . ` . 3 1 3 0 3 .
7 2 `−4 . . . ` . 0 1 1 . 3 .
8 2 `−4 . . . ` . . 1 0 . 3 .
9 2 `−5 . . . ` . . 0 . . 3 .

10 0 `−8 . . . `−2 . . . . . 0 .
11 0 `−8 . . . 0 . . . . . . .
12 0 . . . . . . . . . . .

round(1) = (2, 4, 6, 8, 10, 12)`−1, 2 round(2) = 3, 4

round(3) = 6 round(4) = 3, 1, 12

round(5) = (3, 7, 9, 11)`−3, 3 round(6) = 10

round(7) = (1, 7, 9)2, 1, 7 round(8) = 9

round(9) = 1, 8 round(10) = (1, 11, 5)2, 1, 11

round(11) = 5`−2 round(12) = 1`−8



Behavior for large ` cont.

If in round r (assuming that a < b)

`r (i) ∈ {1, 2, . . . , a} ∪ {`, `− 1, . . . , `− b},

then in round r + 1

`r+1(i) ∈ {1, 2, . . . , b + 1}︸ ︷︷ ︸
`−b → 0

∪{`, `− 1, . . . , `− (a + b)}︸ ︷︷ ︸
a → 0

The successive values of a and b satisfy a Fibonacci-like recursion,
and the initial conditions imply that

a = Fr and b = Fr+1 − 1.



Josephus can save himself if he can pick k

I If j = n then take k = 1;
hit sequence is (1, 2, . . . , n)`.

I If j = 1 then take k = lcm{1, 2, . . . , n};
hit sequence is n`, (n − 1)`, . . . , 2`, 1`.

Let p be a prime such that n/2 < p < n.
Let P = {2, 3, . . . , n} − {p}.

I Case A: n/2 ≤ j < n. The hit sequence

(1, 2, . . . , n)`−1, 1, 2, . . . , n−p,

j+1, j+2, . . . , n, n−p+1, n−p+2, . . . , j

may be obtained by taking

k ≡ 1 mod lcmP
k ≡ j + 1− n mod p.



Josephus can save himself if he can pick k

I If j = n then take k = 1;
hit sequence is (1, 2, . . . , n)`.

I If j = 1 then take k = lcm{1, 2, . . . , n};
hit sequence is n`, (n − 1)`, . . . , 2`, 1`.

Let p be a prime such that n/2 < p < n.
Let P = {2, 3, . . . , n} − {p}.

I Case B: 1 < j < n/2. The hit sequence

n`, (n−1)`, . . . , (p+1)`, π`−1,

j−1, j−2, . . . , 1, p, p−1, . . . , j ,

where π is a permutation of {1, 2, . . . , p} beginning with
j − 1, may be obtained by taking

k ≡ 0 mod lcmP
k ≡ j − 1 mod p.



Open Problems
I What is the complexity of determining kill(n), the kill()

permutation, etc.?
I All hits at the end: (n = 6, k = 10, ` ≥ 2):

(4 2 6)`−1 4, 3`, 6, 1 2, 1`−1, 5`.

Another interesting example (the survivor is not the last hit
for the first time): (n = 12, k = 14642, ` > 8)

. . . 10, (1, 7, 9)2, 1, 7, 9, 1, 8, (1, 11, 5)2, 1, 11, 5`−2, 1`−8.

I Better bounds on σ(n) = largest first value of ` where
kill(n) stabilizes.

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
σ(n) 1 1 1 1 1 3 3 4 6 6 6 9 9 11 14 15
Fn+2 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597 2584

A friendly wager:



Thanks for coming!

Any questions?
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