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Abstract In this paper, we propose a systematic design method for quantum circuits that compute Boolean
functions. Our synthesis strategy is based on the idea proposed in[1], but it is much simpler, and also may be
more practical since we only use three different types of gates whereas the work in [1] may use many types of gates
including rotation gates with exponential (with respect to the number of inputs of the desired function) accuracy.
To formulate our synthesis strategy, we introduce and formulate a new concept, matriz function, which can de-
scribe a quantum circuit’s behaviors very well. Then, in order to represent matrix functions efficiently, we naturally
introduce decision diagram structures, which we call (DDMF) Decision Diagram for a Matriz Function. These
formulation may be interesting on their own.
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. where the laws of the quantum world will dominate.
1. Introduction S
To perform quantum computation, it is indispensable to

Recently quantum computing has attracted great atten-
tion by many researchers in both scientific and technological
fields. Although the implementation of quantum computers
is still a big challenge and seems to be very difficult, there are
good reasons for pursuing the challenge of quantum comput-
ing. One of them is that quantum computing has significant
potential over the current (or often referred as classical be-
cause the technology is based on classical physics in contrast
to quantum physics) computing. There have been many su-
perior quantum algorithms [2], [3], [4], and we know that the

current technologies will soon reach to the microscopic level

construct a circuit to compute a desired Boolean function as
for classical computing. However, the circuit design seems
to be very difficult for quantum circuits. Indeed there have
been no good systematic ways proposed for constructing a
quantum circuit for practical size (say, more than 30 vari-
ables) Boolean functions.

Recently, Abdollahi and Pedram suggested in[l] that a
binary decision diagram structure (what they call a quan-
tum decision diagram) can be used for the systematic syn-
thesis of quantum circuits. Their work may be considered as

early stage research since they do not give a clear formulation
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of their approach with respect to the differences from con-
ventional Boolean functions. Also their synthesis algorithm
needs rotation gates with exponential (with respect to the
number of inputs of the desired function) accuracy, which is
very likely not practical.

In this paper, we generalize their idea to give clearer defi-
nitions and concepts of decision diagram structures for quan-
tum circuit design: in their work, quantum decision diagrams
are used to represent Boolean function like binary decision
diagram, and thus there is a confusion between Boolean func-
tions and quantum specific functions using such a data struc-
ture. Here, we introduce a rigorous definition of a quantum
function and a new concept, matriz function, which can for-
malize the concept of designing quantum circuits quite well.
We then introduce a decision diagram to represent matrix
function called a (DDMF') Decision Diagram for a Matriz
Function. This data structure is appears similar to Abdollahi
and Pedram’s quantum decision diagrams, however, as men-
tioned above, the concept is very different between DDMFs
and quantum decision diagrams in [1].

Our contributions may be seen as improvements to the
work in [1], and can be listed as follows:

e We generalized quantum decision diagrams in[1] to a
decision diagram structure for general unitary matrices.

e We generalized the target from Boolean functions to
quantum functions whose notion is also introduced in this
paper.

e To express the functionality of quantum functions, we
introduce matriz functions, and appropriate operators be-
tween them.

¢  Qur decomposition algorithm is simpler, and is com-
plete. (The algorithm presented in [1] is not complete.)

¢ Our method uses only three types of rotation gates,
which should be more practical. (Their presented algo-
rithm is not practical since they may use rotation gates with
exponential (with respect to the number inputs of the de-

sired function) accuracy.

2. Quantum Functions and Matrix Func-
tions

In this section, we introduce the definitions of a quantum
function and a matriz function. These concepts are useful for
designing quantum circuits with quantum specific gates (i.e.,
gates whose functionality cannot be specified by Boolean
functions). Such a concept may be used implicitly in the
literature, but this paper is the first to discuss rigorous def-
initions to the best of our knowledge. Note that the term
“quantum function” has been used in the literature in dif-
ferent contexts without clear definition. Note also that our

definition may be essentially different from most of the pre-

vious usages, but our definition is very reasonable for our
purpose.

2.1 Quantum States and Quantum Gates

Before introducing our definitions, let us briefly explain
the basics of quantum computation.

In quantum computation, it is assumed that we can use
a qubit which is an abstract model of a quantum state. A
qubit can be described as a|0) + 3 |1), where |0) and |1) are
two basic states, and « and 8 are complex numbers such
that |a|?> + |8]> = 1. It is convenient to use the following

1

vectors to denote |0) and |1), respectively: |0) = 0 and,

1) = . Thus, @ |0) + 8|1) can be described as a vector:

al0)+811) =

Accordingly, any quantum operation on a qubit can be de-
scribed as a 2x2 matrix. By the laws of quantum mechanics,
the matrix must be unitary. We call one quantum operation
a quantum gate. For example, the operation which trans-
forms |0) and |1) to |1) and |0), respectively, is called a NOT
0 1
1 0

Rotation gates are often used in quantum computation.

gate whose matrix representation is NOT =

Their matrix representation is parameterized by an angle 6
cos(0/2) isin(0/2)
isin(0/2) cos(0/2)
interesting feature: R(61)R(62) = R(A1 + 02) which means
that the application of R(f1) after applying R(f2) is equal
to the application of R(6: + 62). We can consider that R(w)
and NOT work in the same way as —iR(w) = NOT since the
global phase shift —i does not affect the result of quantum

as follows: R(f) = This has an

computation.
In this paper, we also consider a special gate called a V'
1 —
—i 1
property that V2 = NOT. This property will be utilized in

gate: V = % This gate has the interesting

our synthesis algorithm.

To compute a function, we need gates which operate on
more than one qubit. A controlled-U gate is a gate that
operates on two qubits in such a way that it applies U to
the second qubit (called the target bit) when the first qubit
(called the control bit) is in the state |1). In this paper we
consider gates with multiple control bits as well as negative
controls as explained in the following example. (However,
note that such gates can always be decomposed into gates
with one control bit [5].) Consider the example in Fig. 1. In
this circuit, there are two gates, the left of which is called a

Toffoli gate. The target bit is w and the symbol & means
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Fig. 1 A Quantum Circuit (1)
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Fig. 2 A Quantum Circuit (2)

the NOT operation. The control bits are 1 and z2 denoted
by black circles. This gate performs NOT on w only when
both z;1 and z» are in the state |1). Consider the gate on
the right side in the same figure. The white circles denote
negative controls, which means the gate performs NOT only
when both of the states of 21 and z» are in the state |0).

We can consider any unitary operation for a controlled
gate. For example, the gate’s functionalities of the left and
the right gates in Fig. 2 are R(3m) and R(3), respectively.

2.2 Quantum Functions and Matrix Functions

Consider Fig. 1. This circuit transform the state of the
third bit |w) into |w @ f(z1,x2)), where f(z1,z2) = =1 -
T2 +T1 - T2. Thus, this circuit realizes the Boolean function
f(zi,22) = x1 - x2 + T1 - T2, and indeed this type of circuit
can be used as an oracle for the famous quantum algorithm
called Grover Search [4].

Consider Fig. 2. In this circuit, we cannot write the re-
sultant state of the third bit as |w @ f(z1,22)) such that
f(z1,z2) is a Boolean function.

Although our goal is to construct a quantum circuit to cal-
culate a Boolean function (e.g., the circuit shown in Fig. 1),
we would like to consider quantum circuits which can use ro-
tation gates such as the circuit in Fig. 2. The reason is that
such circuits are very useful as a part of the desired circuit
as we will see in our design strategy. Since the functionality
of such circuits is not Boolean, we need to define how to rep-
resent the functionality of such circuits. Before introducing
our representation, we need the following definition.

O Definition 10 A quantum function with respect to n
Boolean variables 1,2, ,%, is a mapping from {0,1}"
to a qubit state.

See the third bit in the circuit in Fig. 2 again. If the initial
state of |w) is |0), the resultant state of the third bit can
be seen as a quantum function. This quantum function is
described as qf2(z1,x2) in Table 1. For example, the resul-
tant quantum state becomes R(37) |0) when z; = 0,z2 = 0.
Thus, ¢f2(0,0) is defined as R(:) |0) as shown in the table.

Note that a Boolean function can be seen as a special case

Table 1 A truth table for a quantum function

1, T2 qf2
0,0 | R(§m)|0)
0,1 |0)
1,0 |0}
1,1 | R(3m)0)

Table 2 A truth table for a classical function

z1,22 | ¢f1
0,0 | [1)
0,1 |0)
1,0 |10)
L1 ||y

Table 3 A truth table for a matrix function

xT1, T2 | mfa
0,0 | R(im)
0,1 I
1,0 T
1,1 | R(:m)

Table 4 A truth table for constant matrix functions

x1,22 | CM(I) | CM(R(§))
0,0 I R(%m)
0,1 I R(3)
1,0 I R(%m)
1,1 I R(%m)

of quantum functions. For example, Table 2 shows the quan-
tum function of the resultant third qubit in the circuit in
Fig. 1 when the initial state of |w) is |0). This can be con-
sidered as the output of a Boolean function when |0) and |1)
are considered as Boolean values 0 and 1, respectively.

The value of a quantum function q(z1,22, - ,%n)
can always be expressed as mf(z1,z2, - ,2zn)|0), where
mf(z1,x2, - ,%y) is a mapping from {0,1}"™ to 2x2 unitary
matrices. It is convenient to consider mf(z1,z2, - ,Z,) in-
stead of q(x1, T2, - - ,Ty) itself, thus we introduce the follow-
ing definition.
O Definition 20 A matrix function mjf with respect to n
Boolean variables z1,z2, - ,2, is a mapping from {0,1}"
to 2x2 matrices.

Table 3 shows the matrix function mf(x1, z2) for the quan-
tum function gf> in Table 1.

We define a special type of matrix function called constant

matriz function as follows.

O Definition 30 A matrix function mf(z1,z2,- - ,zn) is
called a constant matrix function if mf(z1,x2, -+ ,x,) are
the same for all the assignments to z1,z2, - ,Tn. CM (M)

denotes a constant matrix function that always equals to the
matrix M.

Table 4 shows the truth tables for constant matrix func-
tions, CM(I) and CM (R(4)).



Table 5 An example of an operator ®.

z1,T2 | mfi mfr | mfi1 ®mfr
0,0 R(%ﬂ) R(%ﬂ) R(m)
0,1 T T I
1,0 I |R(im)| R(inm)
1,1 R(%ﬂ) R(%ﬂ) R(%ﬂ)
Table 6 An example of an operator x*.
z1,x2 | mft | fi| fixmfi
0,0 |R(3m) | 1| R(3m)
0,1 I 0 I
1,0 R(m) | 1 R(m)
1,1 | R(x) | 0 1

By using the matrix function mf> in Table 3, we can easily
see how the circuit in Fig. 2 transforms the third qubit |w):
|w) is transformed to mf2(z1,z2)|w). For example, when
z1 =0,z2 =0, |w) is transformed to R(57)|w).

For matrix functions, an operator “®” is defined as follows.

O Definition 40 Let mfi(z1,z2,- -
be matrix functions with respect to x1 to z,. Then

mfi(zy, 2, -, Zn) ®mfa(21, 22, - ,2s) is a matrix func-

tion mf(x1, T2, - ,on) such that mf(zi,z2, - ,2n) =

mfi(zi,z2,- -, 2n) -mfa(x1,22, -+ ,2,) where - means nor-
mal matrix multiplication.

Consider the example in Table 5. Note that if mfi and mf>
are considered to be Boolean functions like gf; in Table 2,
this operator corresponds to the EXOR of the two Boolean
functions.

“x” as follows:

We introduce another operator
O Definition 50 Let mf(z1,z2,- - ,Tn)

be a matrix function and a Boolean function with re-

,xn)and f(z1,z2,---
spect to z1 to zn, respectively. Then f(z1,z2,- - ,2zn) *
mf(z1,x2, - ,Typ) 1S a matrix function which equals to
,Zn) when f(z1,22,---,2,) = 1, and equals
,Tn) = 0.

Consider the example in Table 6. Note that if mf is con-

mf(lj,l‘z, e

to I when f(x1,x2,---

sidered to be a Boolean function like ¢f; in Table 2, this
operator corresponds to the AND of the two Boolean func-
tions.

2.3 Decision Diagrams for Matrix Functions

A matrix function mf for a quantum function ¢f can
be expressed efficiently by using a binary decision diagram
structure as in the case of Boolean functions[6]. For this
purpose, we introduce a (DDMF) Decision Diagram for a
Matriz Function as follows:
O Definition 600 A Decision Diagram for a Matrix Function
(DDMF) is a directed acyclic graph with three types of
nodes:

® a single terminal node corresponding to the identity

matrix I,

,&n) and mfa(21, T2, , Tn)

M M

0
mf| mf,

Fig. 3 An internal node in a DDMF

® aroot node with an incoming edge having a weighted
matrix M, and

® a set of non-terminal (internal) nodes.

Each internal and the root node are associated with a
Boolean variable z;, and have two outgoing edges which are
called 1-edge (solid line) leading to another node (the 1-child
node) and 0-edge (dashed line) leading to another node (the
0-child node). Every edge has an associated matrix.

The matrix function represented by a node is defined re-
cursively as follows:

® The matrix function represented by the terminal node
is the constant matrix C M (I).

® The matrix function represented by an internal node
(or the root node) whose associated variable is z; is defined

as follows: z; x (CM(M1) ® mfi1) ® T; * (CM(Mo) ® mfo),
where mfi; and mfo are the matrix functions represented
by the 1-child node and the 0-child node, respectively, and
M, and My are the matrices of the 1-edge and the 0-edge,
respectively. (See an illustration of this structure in Fig. 3.)

® The root node has one incoming edge that has a ma-
trix M. Then the matrix function represented by the whole
DDMF is CM(M) & mf, where mf is a matrix function
represented by the root node.

Like conventional BDDs, we achieve a canonical form for
DDMEF if we impose the following restriction on the matrices
on every edge.

0 Definition 70 A (DDMF) is canonical when

e all the matrices on 0-edges are I,

® there are no redundant nodes: i.e. no node has 0-edge
and l-edge pointing to the same node with I as the 1-edge
matrix,

® common sub-graphs are shared: there are no two sub-
graphs that have the same structure.

Any DDMF can be converted to canonical form by using
the following transformation from the terminal node to the
root node.

Suppose the matrices on incoming edge, 0-edge and 1-edge
of a node be M, My and M, respectively. Then, if My is
not I, we modified these three matrixes as follows:

® The matrix on the incoming edge changed to be M Mj.



Fig. 4 Conversion to the canonical form

e The matrix on the 1-edge changed to be M, M(;I.

¢ The matrix on the 0-edge changed to be I.

It is easily verified that this transformation does not change
the matrix function represented by the DDMF. See the ex-
ample in Fig. 4 where the matrix on 0-edge of the node z» is
converted to I. In the example, the matrices I on edges are
omitted.

Note: The decision diagram structure is similar between
DDMFs and the quantum decision diagrams discussed in [1].
However, quantum decision diagrams are used to represent
conventional Boolean functions whereas DDMFs are used for
representing matrix functions; the terminal node of a DDMF
is a matrix I. Also a weight on an edge in DDMF's is gener-
alized to any matrix. Thus, DDMFs can be considered as a
generalization of quantum decision diagrams to treat matrix
functions rather than Boolean functions. (As we have seen
in Table 2, Boolean functions can be seen as a special case
of quantum functions.)

We will use the same operators for DDFMs as for matrix
functions. More concretely, for matrix functions mf, mf;
and mf2, we will say

e (DDMF for mf) = (DDMF for mfi) @ (DDMF for
mf2) if mf =mfi ® mfo, and

e (DDMF for mf) = (DDMF for mfi) * (DDMF for
mf2) if mf =mfi*mfo.

3. Quantum Circuit Design from Matrix
Functions

As in conventional logic design, if we have already con-
structed quantum circuits for mf; and mf>, then we can
construct quantum circuits for mf; @ mf> and mf; * mf,.
Thus, we can construct a quantum circuit for a given ma-
trix function mf if we can decompose it to mfi & mfs or
mjfi1*mfs where mfi and mfo are easier to implement than
mf; we may consider the quantum circuit design in a similar
way as conventional logic synthesis.

We will now show the two types of quantum matrix de-
composition.

3.1 Decomposition of Type 1

When we want to make a circuit for a matrix function

oc, modified QC,
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Fig. 5 A Quantum Circuit for mf1 * mfa

that can be decomposed to mfi @ mf>, we simply concate-
nate two circuits for mfi and mf,. This is easily verified
by the property of the operator @. Formally, we have the
following observation.

O Proposition 10 Let quantum circuits QC1 and QC> be the
circuits corresponds to the transformations by matrix func-
tions mf1 and mfs, respectively. Then the circuit obtained
by concatenating QC1 and QC> corresponds to the transfor-
mation by a matrix function mf; & mfo.

Intuitively, the transformation by the circuit corresponding
to mfi ® mf2 is just a combination of the transformations
for mfi and mfs.

3.2 Decomposition of Type 2

If we have already designed two quantum circuits QC; and
QC> corresponding to the transformations by matrix func-
tions mfi and mf2, respectively, we can obtain the quantum
circuit corresponding to the transformation by a matrix func-
tion mfi * mf> in the following way.
Step. 1 Construct QC1. Let the qubit where QC; calcu-
lates the quantum function be w;.
Step. 2 Construct a circuit identical to QC5> except that w;
is added to the control bit of every gate in the circuit. Add
this circuit after the circuit obtained at Step. 1.
Step. 3 Construct an inverse circuit of QC:. Add this cir-
cuit after the circuit obtained at Step. 2.

This approach is illustrated by the example in Fig. 5 where
QC1 (which corresponds to mfi) and QC> (which corre-
sponds to mf2) correspond to the circuits in Figs. 1 and

2, respectively.
4. Quantum Circuit Design using DDMF's

In this section, we show some techniques for designing a
quantum circuit from a given DDMF. Based on the pre-
sented techniques, we can construct a Boolean function
with only controlled-NOT, controlled-V and controlled-V ~*
gates. Thus, our method can be considered to be more prac-
tical than the method [1] which needs many types of rotation
gates with exponential (with respect to the number inputs
of the desired function) accuracy in the worst case.

4.1 Easy Case 1

If we want to construct a circuit corresponding to a DDMF

— b5 —
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Fig. 6 Decomposition of DDMFs: Easy Cases

for f where (DDMF for f) = (DDMF for g) & (DDMF for
h), then we simply concatenate two circuits for mfi and mfo
to get the desired circuit. This is exactly the same as the De-
composition Type 1 in the previous section.

See the example in Fig. 6 where we want to construct a
circuit for a Boolean function f = g @ h. In this example,
(DDMF for f) = (DDMF for g) & (DDMF for h). The de-
sired circuit is just a concatenation of the circuits for g and
h.

4.2 Easy Case 2

0 Definition 80 A (DDMF) is called a chain if, for all the
nodes in the DDMF, the 1-edge and 0-edge go to the same
node.

If the targeted DDMF is a chain structure, we can con-
struct the circuit as follows:

® For each non-terminal node where the associated vari-
able is z; and the matrix on 1l-edge is M, we create a
controlled-M; gate controlled by z;.

® We concatenate all the above gates to get the desired
circuit.

For example, the DDMF for h in Fig. 6 is a chain struc-
ture, and thus it has a simple implementation as shown in
the figure.

Note that this technique is based on a very similar idea
found in [1].

4.3 Complex Case

If there is no chain structure in the bottom part of a
given DDMF, we cannot use the decomposition techniques
described above. Even in such a case, by using the following
method, we can decompose any DDMF into simpler DDMFs.

Assume that we want to implement a Boolean function g
whose corresponding DDMF does not have a chain structure
in the bottom part. Let the bottom non-terminal node be
v;, and the associated variable to it be x;. Then, we can
construct the circuit as follows:

¢ Let a Boolean function h be a function that corre-
sponds to all paths from the root node to v; in the DDMF
for g.

o Let a Boolean function | be h @ z;.

e Let m be a DDMF that is obtained from the DDMF

) ™
Poy ]

A mo ® g L
wob vt vl o)

Fig. 7 Decomposition of DDMFs: Complex Case

Yy

for [ with replacing all NOT on edges to V.

® We can construct the desired circuit as shown in Fig. 7.
An example of this approach is shown in Fig. 7.

Although the detail is omitted, it can be easily shown (as
illustrated in Fig. 7) that the DDMFs for [ and m have chain
structures in their bottom part, and they are easier to im-
plement than g. Again due to the space, we omit the detail,
but we can construct a quantum circuit for a given Boolean

function by recursively apply the above three cases.
5. Conclusion

In this paper, we introduced a new concept “matrix func-
tions” which are very useful to describe how logic synthesis is
performed for quantum circuits. We also introduced DDMFs
We showed that there is a

systematic way to decompose a DDMF to construct the cor-

and their rigorous definitions.

responding quantum circuit.

We are now developing a synthesis program based on the
strategies presented in this paper. Our obvious future work
is to evaluate the efficiency of the proposed method by ap-

plying the method to benchmark circuits [7]. Also, we will

investigate alternative synthesis methods based on DDMFs.
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