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Abstract

Recently wavelets have become a popular and useful tool for the analysis of many kinds of problems .Many fields provided the seeds from which wavelet theory grew. The range of applications that wavelets are being applied is so large and growing such as solving differential equations, denoising, compression, and spectral estimation in varied disciplines such as medicine, seismology, music, criminology, and vision. The breadth of application is not surprising when one considers that wavelets are a general mathematical tool much in the same way as the Fourier functions are.
In term paper, first a tutorial like review on wavelet transform is given and then the concepts used on JPEG2000 coding algorithms are discussed. 
A code implementing still image compression using JPEG2000 coding algorithms is also attached to the package.
1. Introduction

The wavelet transform is a relatively new concept. In this term paper I will try to give basic principles underlying the wavelet theory.

Mathematical transformations are applied to signals to obtain further information from that signal that is not readily available in the raw signal. There are numbers of transformations that can be applied, among which the Fourier transforms are probably by far the most popular.

Most of the signals in practice are time-domain signals in their raw format. That is, whatever that signal is measuring, is a function of time. In other words, when we plot the signal one of the axes is time (independent variable), and the other (dependent variable) is usually the amplitude. When we plot time-domain signals, we obtain a time-amplitude representation of the signal. This representation is not always the best representation of the signal for most signal processing related applications. In many cases, the most distinguished information is hidden in the frequency content of the signal. The frequency spectrum of a signal is basically the frequency components (spectral components) of that signal. The frequency spectrum of a signal shows what frequencies exist in the signal. Using the Fourier Transform (FT) we can find the frequency content of a signal. Today Fourier transforms are used in many different areas including all branches of engineering.

Although FT is probably the most popular transform being used (especially in electrical engineering), it is not the only one. There are many other transforms that are used quite often by engineers and mathematicians. Hilbert transform, short-time Fourier transform, Wigner distributions, the Radon Transform, and the wavelet transform, constitute only a small portion of a huge list of transforms that are available at engineer's and mathematician's disposal. Every transformation technique has its own area of application, with advantages and disadvantages.

The need for Wavelet Transform (WT) arises since no frequency information is available in the time-domain signal, and no time information is available in the Fourier transformed signal. It is sometimes necessary to have both the time and the frequency information at the same time depending on the particular application, and the nature of the signal in hand. Recall that the FT gives the frequency information of the signal, which means that it tells us how much of each frequency exists in the signal, but it does not tell us when in time these frequency components exist. This information is not required when the signal is so-called stationary. Stationary signals are those whose frequency content does not change in time. In this case, one does not need to know at what times frequency components exist, since all frequency components exist at all times!
For example the following signal

x(t)=cos(2π*10t)+cos(2 π *25t)+cos(2π *50t)+cos(2π *100t) is a stationary signal, because it has frequencies of 10, 25, 50, and 100 Hz at any given time instant. This signal is plotted below:
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Figure 1.1

And the following is its FT:


[image: image2]
Figure 1.2
In the above figure, the four spectral components corresponding to the frequencies 10, 25, 50 and 100 Hz are shown.
Contrary to the signal in Figure 1.1, Figure 1.3 plots a signal with four different frequency components at four different time intervals, hence a non-stationary signal. The interval 0 to 300 ms has a 100 Hz sinusoid, the interval 300 to 600 ms has a 50 Hz sinusoid, the interval 600 to 800 ms has a 25 Hz sinusoid, and finally the interval 800 to 1000 ms has a 10 Hz sinusoid. 
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Figure 1.3
And the following is its FT:
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Figure 1.4
Now, compare the Figures 1.4 and 1.2. The two spectrums are similar: Both of them show four spectral components at exactly the same frequencies, i.e., at 10, 25, 50, and 100 Hz. Other than the ripples, and the difference in amplitude (which can always be normalized), the two spectrums are almost identical, although the corresponding time-domain signals are not even close to each other. Both of the signals involve the same frequency components, but the first one has these frequencies at all times, the second one has these frequencies at different intervals. Thus the spectrums of two entirely different signals look very much alike. Recall that the FT gives the spectral content of the signal, but it gives no information regarding where in time those spectral components appear. Therefore, FT can be used for non-stationary signals, if we are only interested in what spectral components exist in the signal, but not interested where these occur. However, if this information is needed, i.e., if we want to know, what spectral component occur at what time (interval) , then Fourier transform is not the right transform to use. When the time localization of the spectral components is needed, a transform giving the time-frequency representation of the signal is needed.
The Wavelet transform provides the time-frequency representation. (There are other transforms which give this information too, such as short time Fourier transform, Wigner distributions, etc.). In other words, Wavelet transform is capable of providing the time and frequency information simultaneously.

The WT was developed as an alternative to the short time Fourier Transform (STFT). In other words, the WT was developed to overcome some resolution related problems of the STFT.
2. The Short Time Fourier Transform
The short-time Fourier transform (STFT), or alternatively short-term Fourier transform, is a Fourier-related transform used to determine the sinusoidal frequency and phase content of local sections of a signal as it changes over time.

The basic idea is that we can assume that, some portion of a non-stationary signal is stationary. If this region where the signal can be assumed to be stationary is too small, then we look at that signal from narrow windows, narrow enough that the portion of the signal seen from these windows are indeed stationary. This approach of researchers ended up with a revised version of the Fourier transform, so-called: The Short Time Fourier Transform (STFT).

There is only a minor difference between STFT and FT. In STFT, the signal is divided into small enough segments, where these segments (portions) of the signal can be assumed to be stationary. For this purpose, a window function "w" is chosen. The width of this window must be equal to the segment of the signal where its stationarity is valid. This window function is first located to the very beginning of the signal. Let's suppose that the width of the window is "T" s. At this time instant (t=0), the window function will overlap with the first T/2 seconds (assume that all time units are in seconds). The window function and the signal are then multiplied. By doing this, only the first T/2 seconds of the signal is being chosen, with the appropriate weighting of the window (if the window is a rectangle, with amplitude "1", then the product will be equal to the signal). Then this product is assumed to be just another signal, whose FT is to be taken. The result of this transformation is the FT of the first T/2 seconds of the signal. If this portion of the signal is stationary, as it is assumed, then there will be no problem and the obtained result will be a true frequency representation of the first T/2 seconds of the signal. The next step, would be shifting this window (for some t1 seconds) to a new location, multiplying with the signal, and taking the FT of the product. This procedure is followed; until the end of the signal is reached by shifting the window with "t1" seconds intervals. 

The following definition of the STFT summarizes all the above explanations: 
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In the above equation x(t) is the signal itself, w(t) is the window function, and * is the complex conjugate. As you can see from the equation, the STFT of the signal is nothing but the FT of the signal multiplied by a window function. 

Since our transform is a function of time, amplitude and frequency (unlike FT, which is a function of frequency and amplitude), the transform would be three dimensional. Let's take a non-stationary signal, such as the following one:
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Figure 2.1
In this signal, there are four frequency components at different times. The interval 0 to 250 ms is a simple sinusoid of 300 Hz, and the other 250 ms intervals are sinusoids of 200 Hz, 100 Hz, and 50 Hz, respectively. Apparently, this is a non-stationary signal. Now, let's look at its STFT: 
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Figure 2.2
As expected, this is three dimensional plot. The "x" and "y" axes are time and frequency, respectively. 

First of all, note that the graph is symmetric with respect to midline of the frequency axis. We know that FT of a real signal is always symmetric, since STFT is nothing but a windowed version of the FT, it should come as no surprise that STFT is also symmetric in frequency. Also note that there are four peaks corresponding to four different frequency components and unlike FT, these four peaks are located at different time intervals along the time axis. Because the original signal had four spectral components located at different times. 

Now we have a true time-frequency representation of the signal. We not only know what frequency components are present in the signal, but we also know where they are located in time. 

Since STFT gives the TFR of the signal, why do we need the wavelet transform. The implicit problem of the STFT is not obvious in the above example. The problem with STFT is the fact known as the Heisenberg Uncertainty Principle. This principle originally applied to the momentum and location of moving particles, can be applied to time-frequency information of a signal. Simply, this principle states that one cannot know the exact time-frequency representation of a signal, i.e., one cannot know what spectral components exist at what instances of times. What one can know is the time intervals in which certain band of frequencies exist, which is a resolution problem. What gives the perfect frequency resolution in the FT is the fact that the window used in the FT is its kernel, the exp{jwt} function, which lasts at all times from minus infinity to plus infinity. Now, in STFT, our window is of finite length, thus it covers only a portion of the signal, which causes the frequency resolution to get poorer. This means we no longer know the exact frequency components that exist in the signal, but we only know a band of frequencies that exist:

In FT, the kernel function, allows us to obtain perfect frequency resolution, because the kernel itself is a window of infinite length. In STFT is window is of finite length, and we no longer have perfect frequency resolution. We are faced with the following dilemma: 

If we use a window of infinite length, we get the FT, which gives perfect frequency resolution, but no time information. Furthermore, in order to obtain the stationarity, we have to have a short enough window, in which the signal is stationary. The narrower we make the window, the better the time resolution, and better the assumption of stationarity, but poorer the frequency resolution: 

Narrow window: good time resolution, poor frequency resolution. 
Wide window: good frequency resolution, poor time resolution. 

In the following example four windows of different length are shown. The window function we use is simply a Gaussian function in the form: 
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; Where a determines the length of the window, and t is the time. The following figure shows four window functions of varying regions of support, determined by the value of a. 
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Figure 2.3
Let's look at the first (narrowest) window. We expect the STFT to have a very good time resolution, but relatively poor frequency resolution: 
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Figure 2.4
In the above figure, note that the four peaks are well separated from each other in time and in frequency domain, every peak covers a range of frequencies, instead of a single frequency value. Now let's make the window wider, and look at the third window. 
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Figure 2.5
Note that the peaks are not well separated from each other in time, unlike the previous case; however, in frequency domain the resolution is much better. Now let's further increase the width of the window: 
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Figure 2.6
These examples illustrated the implicit problem of resolution of the STFT. Anyone who would like to use STFT is faced with this problem of resolution. What kind of a window to use? Narrow windows give good time resolution, but poor frequency resolution. Wide windows give good frequency resolution, but poor time resolution; furthermore, wide windows may violate the condition of stationarity. The problem, of course, is a result of choosing a window function, once and for all, and uses that window in the entire analysis. The answer is application dependent: If the frequency components are well separated from each other in the original signal, than we may sacrifice some frequency resolution and go for good time resolution, since the spectral components are already well separated from each other. However, if this is not the case, then a good window function could be more difficult than finding a good stock to invest in. 

The Wavelet transform (WT) solves the dilemma of resolution to a certain extent, as we will see in the next part. 

3. The Wavelet Transform
Although the time and frequency resolution problems are results of a physical phenomenon (the Heisenberg uncertainty principle) and exist regardless of the transform used, it is possible to analyze any signal by using an alternative approach called the multiresolution analysis (MRA) . MRA, as implied by its name, analyzes the signal at different frequencies with different resolutions. 

MRA is designed to give good time resolution and poor frequency resolution at high frequencies and good frequency resolution and poor time resolution at low frequencies. This approach makes sense especially when the signal at hand has high frequency components for short durations and low frequency components for long durations. Fortunately, the signals that are encountered in practical applications are often of this type. For example, the following shows a signal of this type. It has a relatively low frequency component throughout the entire signal and relatively high frequency components for a short duration somewhere around the middle. 
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Figure 3.1

3.1. The Continuous Wavelet Transform
The continuous wavelet transform was developed as an alternative approach to the short time Fourier transform to overcome the resolution problem. The wavelet analysis is done in a similar way to the STFT analysis, in the sense that the signal is multiplied with a function, the wavelet, similar to the window function in the STFT, and the transform is computed separately for different segments of the time-domain signal. However, there are two main differences between the STFT and the CWT: 

1. The Fourier transforms of the windowed signals are not taken, and therefore single peak will be seen corresponding to a sinusoid, i.e., negative frequencies are not computed. 

2. The width of the window is changed as the transform is computed for every single spectral component, which is probably the most significant characteristic of the wavelet transform. 

The continuous wavelet transform is defined as follows:
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                            Equation 3.1.1

As seen in the above equation, the transformed signal is a function of two variables, 
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, the translation and scale parameters, respectively. 
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is the transforming function, and it is called the mother wavelet. The term mother wavelet gets its name due to two important properties of the wavelet analysis as explained below:

The term wavelet means a small wave. The smallness refers to the condition that this (window) function is of finite length (compactly supported). The wave refers to the condition that this function is oscillatory. The term mother implies that the functions with different region of support that are used in the transformation process are derived from one main function, or the mother wavelet. In other words, the mother wavelet is a prototype for generating the other window functions. 

The term translation is used in the same sense as it was used in the STFT; it is related to the location of the window, as the window is shifted through the signal. This term, obviously, corresponds to time information in the transform domain. However, we do not have a frequency parameter, as we had before for the STFT. Instead, we have scale parameter which is defined as
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. The term frequency is reserved for the STFT. 
The parameter scale in the wavelet analysis is similar to the scale used in maps. As in the case of maps, high scales correspond to a non-detailed global view (of the signal), and low scales correspond to a detailed view. Similarly, in terms of frequency, low frequencies (high scales) correspond to a global information of a signal (that usually spans the entire signal), whereas high frequencies (low scales) correspond to a detailed information of a hidden pattern in the signal (that usually lasts a relatively short time). 

In practical applications, low scales (high frequencies) do not last for the entire duration of the signal but they usually appear from time to time as short bursts, or spikes. High scales (low frequencies) usually last for the entire duration of the signal. 

Scaling, as a mathematical operation, either dilates or compresses a signal. Larger scales correspond to dilated (or stretched out) signals and small scales correspond to compressed signals. In terms of mathematical functions, if f(t) is a given function f(st) corresponds to a contracted (compressed) version of f(t) if s > 1 and to an expanded (dilated) version of f(t) if s < 1 . 

However, in the definition of the wavelet transform, the scaling term is used in the denominator, and therefore, the opposite of the above statements holds, i.e., scales s > 1 dilates the signals whereas scales s < 1 , compresses the signal.

3.2. Computation of the CWT

Interpretation of the equation 3.1 will be explained in this section. Let x(t) is the signal to be analyzed. The mother wavelet is chosen to serve as a prototype for all windows in the process. All the windows that are used are the dilated (or compressed) and shifted versions of the mother wavelet. There are a number of functions that are used for this purpose. The Morlet wavelet and the Mexican hat function are two candidates, and they are used for the wavelet analysis.

The procedure will be started from scale s=1 and will continue for the increasing values of s, i.e., the analysis will start from high frequencies and proceed towards low frequencies. This first value of s will correspond to the most compressed wavelet. As the value of s is increased, the wavelet will dilate. 

The wavelet is placed at the beginning of the signal at the point which corresponds to time=0. The wavelet function at scale "1" is multiplied by the signal and then integrated over all times. The result of the integration is then multiplied by the constant number
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. This multiplication is for energy normalization purposes so that the transformed signal will have the same energy at every scale. The final result is the value of the transformation, i.e., the value of the continuous wavelet transform at time zero and scale s=1. In other words, it is the value that corresponds to the point
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The wavelet at scale s=1 is then shifted towards the right by 
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amount to the location
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, and the above equation is computed to get the transform value at
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, s=1 in the time-frequency plane. 

This procedure is repeated until the wavelet reaches the end of the signal. One row of points on the time-scale plane for the scale s=1 is now completed.

Then, s is increased by a small value. Note that, this is a continuous transform, and therefore, both 
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 and s must be incremented continuously. However, if this transform needs to be computed by a computer, then both parameters are increased by a sufficiently small step size. This corresponds to sampling the time-scale plane. 

The above procedure is repeated for every value of s. Every computation for a given value of s fills the corresponding single row of the time-scale plane. When the process is completed for all desired values of s, the CWT of the signal has been calculated.  The figures below illustrate the entire process step by step.
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Figure 3.2 (a)
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Figure 3.2 (b)
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Figure 3.2 (c)
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Figure 3.2 (d)
In Figure 3.2 (a) – (d) the signal and the wavelet function are shown for four different values of
[image: image29.wmf]t

. The signal is a truncated version of the signal shown in Figure 3.1. The scale value is 1, corresponding to the lowest scale, or highest frequency. Note how compact it is (the blue window). It should be as narrow as the highest frequency component that exists in the signal. Four distinct locations of the wavelet function are shown in the figures at to=2 , to=40, to=90, and to=140 . At every location, it is multiplied by the signal. Obviously, the product is nonzero only where the signal falls in the region of support of the wavelet, and it is zero elsewhere. By shifting the wavelet in time, the signal is localized in time, and by changing the value of s, the signal is localized in scale (frequency).

If the signal has a spectral component that corresponds to the current value of s (which is 1 in this case), the product of the wavelet with the signal at the location where this spectral component exists gives a relatively large value. If the spectral component that corresponds to the current value of s is not present in the signal, the product value will be relatively small, or zero. The signal in the above figures has spectral components comparable to the window's width at s=1 around t=100 ms.

The continuous wavelet transform of the signal will yield large values for low scales around time 100 ms, and small values elsewhere. For high scales, on the other hand, the continuous wavelet transform will give large values for almost the entire duration of the signal, since low frequencies exist at all times.

As an example consider the non-stationary signal in Figure 3.3. This is similar to the example given for the STFT, except at different frequencies. As stated on the figure, the signal is composed of four frequency components at 30 Hz, 20 Hz, 10 Hz and 5 Hz. 
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Figure 3.3

Figure 3.4 is the continuous wavelet transform (CWT) of this signal. Note that the axes are translation and scale, not time and frequency. However, translation is strictly related to time, since it indicates where the mother wavelet is located. The translation of the mother wavelet can be thought of as the time elapsed since t=0 . The scale, however, has a whole different story. The scale parameter s in equation 3.1 is inverse of frequency. In other words, whatever we said about the properties of the wavelet transform regarding the frequency resolution, inverse of it will appear on the figures showing the WT of the time-domain signal. 
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Figure 3.4

Recall the resolution properties: Unlike the STFT which has a constant resolution at all times and frequencies, the WT has a good time and poor frequency resolution at high frequencies, and good frequency and poor time resolution at low frequencies.
The main idea of wavelet analysis theory can be considered to be the underlying concept of most of the signal analysis techniques. The FT defined by Fourier use basis functions to analyze and reconstruct a function. Every vector in a vector space can be written as a linear combination of the basis vectors in that vector space , i.e., by multiplying the vectors by some constant numbers, and then by taking the summation of the products. The analysis of the signal involves the estimation of these constant numbers (transform coefficients, or Fourier coefficients, wavelet coefficients, etc). The synthesis, or the reconstruction, corresponds to computing the linear combination equation.

3.3. Basic Vectors
A basis of a vector space V is a set of linearly independent vectors, such that any vector v in V can be written as a linear combination of these basis vectors. There may be more than one basis for a vector space. However, all of them have the same number of vectors, and this number is known as the dimension of the vector space. For example in two-dimensional space, the basis will have two vectors.

Equation 3.2 shows how any vector 
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 can be written as a linear combination of the basis vectors 
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            Equation 3.2

Let f(t) and g(t) be two functions in the set of square integrable functions in the interval [a,b]. The inner product of two functions is defined by Equation 3.3: 
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    Equation 3.3

Thus the CWT can be thought of as the inner product of the test signal with the basis functions
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Where 
[image: image39.wmf])

(

1

)

(

,

s

t

s

t

s

t

y

y

t

-

=

 Equation 3.5

Below two mother wavelets commonly used in wavelet analysis are included:

The Mexican Hat wavelet is defined as the second derivative of the Gaussian function: 
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The Morlet wavelet is defined as 
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Where 
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 is the modulation parameter and 
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is the scaling parameter that affects the width of the window. 
3.4. The Discrete Wavelet Transform
The DWT is considerably easier to implement when compared to the CWT. The basic concepts of the DWT will be introduced in this section along with its properties and the algorithms used to compute it. 

The foundations of the DWT go back to 1976 when Croiser, Esteban, and Galand devised a technique to decompose discrete time signals. Crochiere, Weber, and Flanagan did a similar work on coding of speech signals in the same year. They named their analysis scheme as subband coding. In 1983, Burt defined a technique very similar to subband coding and named it pyramidal coding which is also known as multiresolution analysis. Later in 1989, Vetterli and Le Gall made some improvements to the subband coding scheme, removing the existing redundancy in the pyramidal coding scheme. 

The main idea is the same as it is in the CWT. A time-scale representation of a digital signal is obtained using digital filtering techniques. In the discrete case, filters of different cutoff frequencies are used to analyze the signal at different scales. The signal is passed through a series of high pass filters to analyze the high frequencies, and it is passed through a series of low pass filters to analyze the low frequencies.

The resolution of the signal, which is a measure of the amount of detail information in the signal, is changed by the filtering operations, and the scale is changed by upsampling and downsampling (subsampling) operations. 

Although it is not the only possible choice, DWT coefficients are usually sampled from the CWT on a dyadic grid, i.e., s0 = 2 and t 0 = 1, yielding s=2j and t =kx2j. Since the signal is a discrete time function, the terms function and sequence will be used interchangeably in the following discussion. This sequence will be denoted by x[n], where n is an integer.

The procedure starts with passing this signal (sequence) through a half band digital lowpass filter with impulse response h[n]. Filtering a signal corresponds to the mathematical operation of convolution of the signal with the impulse response of the filter. The convolution operation in discrete time is defined as follows:
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The unit of frequency is of particular importance at this time. In discrete signals, frequency is expressed in terms of radians. Accordingly, the sampling frequency of the signal is equal to 
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radians in terms of radial frequency. Therefore, the highest frequency component that exists in a signal will be 
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 radians, if the signal is sampled at Nyquist’s rate (which is twice the maximum frequency that exists in the signal); that is, the Nyquist’s rate corresponds to 
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 rad/s in the discrete frequency domain. Therefore using Hz is not appropriate for discrete signals. However, Hz is used whenever it is needed to clarify a discussion, since it is very common to think of frequency in terms of Hz. Thus the unit of frequency for discrete time signals is radians.

After passing the signal through a half band lowpass filter, half of the samples can be eliminated according to the Nyquist’s rule, since the signal now has a highest frequency of 
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/2 radians instead of 
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 radians. Simply discarding every other sample will subsample the signal by two, and the signal will then have half the number of points. The scale of the signal is now doubled. Note that the lowpass filtering removes the high frequency information, but leaves the scale unchanged. Only the subsampling process changes the scale. Resolution, on the other hand, is related to the amount of information in the signal, and therefore, it is affected by the filtering operations. Half band lowpass filtering removes half of the frequencies, which can be interpreted as losing half of the information. Therefore, the resolution is halved after the filtering operation. The subsampling operation after filtering does not affect the resolution, since removing half of the spectral components from the signal makes half the number of samples redundant anyway. Half the samples can be discarded without any loss of information. In summary, the lowpass filtering halves the resolution, but leaves the scale unchanged. The signal is then subsampled by 2 since half of the number of samples are redundant. This doubles the scale. 

This procedure can mathematically be expressed as
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The DWT analyzes the signal at different frequency bands with different resolutions by decomposing the signal into a coarse approximation and detail information. DWT employs two sets of functions, called scaling functions and wavelet functions, which are associated with low pass and highpass filters, respectively. The decomposition of the signal into different frequency bands is simply obtained by successive highpass and lowpass filtering of the time domain signal. The original signal x[n] is first passed through a halfband highpass filter g[n] and a lowpass filter h[n]. After the filtering, half of the samples can be eliminated according to the Nyquist’s rule, since the signal now has a highest frequency of 
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/2 radians instead of 
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. The signal can therefore be subsampled by 2, simply by discarding every other sample. This constitutes one level of decomposition and can mathematically be expressed as follows: 
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where yhigh[k] and ylow[k] are the outputs of the highpass and lowpass filters, respectively, after subsampling by 2. 

This decomposition halves the time resolution since only half the number of samples now characterizes the entire signal. However, this operation doubles the frequency resolution, since the frequency band of the signal now spans only half the previous frequency band, effectively reducing the uncertainty in the frequency by half. The above procedure, which is also known as the subband coding, can be repeated for further decomposition. At every level, the filtering and subsampling will result in half the number of samples (and hence half the time resolution) and half the frequency band spanned (and hence double the frequency resolution). Figure 3.5 illustrates this procedure, where x[n] is the original signal to be decomposed, and h[n] and g[n] are lowpass and highpass filters, respectively. The bandwidth of the signal at every level is marked on the figure as "f". 
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Figure 3.5
As an example of the subband coding algorithm, suppose that the original signal x[n] has 512 sample points, spanning a frequency band of zero to 
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 rad/s. At the first decomposition level, the signal is passed through the highpass and lowpass filters, followed by subsampling by 2. The output of the highpass filter has 256 points (hence half the time resolution), but it only spans the frequencies p/2 to p rad/s (hence double the frequency resolution). These 256 samples constitute the first level of DWT coefficients. The output of the lowpass filter also has 256 samples, but it spans the other half of the frequency band, frequencies from 0 to p/2 rad/s. This signal is then passed through the same lowpass and highpass filters for further decomposition. The output of the second lowpass filter followed by subsampling has 128 samples spanning a frequency band of 0 to 
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/4 rad/s, and the output of the second highpass filter followed by subsampling has 128 samples spanning a frequency band of 
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/4 to 
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/2 rad/s. The second highpass filtered signal constitutes the second level of DWT coefficients. This signal has half the time resolution, but twice the frequency resolution of the first level signal. In other words, time resolution has decreased by a factor of 4, and frequency resolution has increased by a factor of 4 compared to the original signal. The lowpass filter output is then filtered once again for further decomposition. This process continues until two samples are left. For this specific example there would be 8 levels of decomposition, each having half the number of samples of the previous level. The DWT of the original signal is then obtained by concatenating all coefficients starting from the last level of decomposition (remaining two samples, in this case). The DWT will then have the same number of coefficients as the original signal.

The frequencies that are most prominent in the original signal will appear as high amplitudes in that region of the DWT signal that includes those particular frequencies. The difference of this transform from the Fourier transform is that the time localization of these frequencies will not be lost. However, the time localization will have a resolution that depends on which level they appear. If the main information of the signal lies in the high frequencies, as happens most often, the time localization of these frequencies will be more precise, since they are characterized by more number of samples. If the main information lies only at very low frequencies, the time localization will not be very precise, since few samples are used to express signal at these frequencies. This procedure in effect offers a good time resolution at high frequencies, and good frequency resolution at low frequencies. Most practical signals encountered are of this type. 

The frequency bands that are not very prominent in the original signal will have very low amplitudes, and that part of the DWT signal can be discarded without any major loss of information, allowing data reduction. Figure 3.6 illustrates an example of how DWT signals look like and how data reduction is provided. Figure 3.6 (a) shows a typical 512-sample signal that is normalized to unit amplitude. The horizontal axis is the number of samples, whereas the vertical axis is the normalized amplitude. Figure 3.6 ( shows the 8 level DWT of the signal in Figure 4.2a. The last 256 samples in this signal correspond to the highest frequency band in the signal, the previous 128 samples correspond to the second highest frequency band and so on. It should be noted that only the first 64 samples, which correspond to lower frequencies of the analysis, carry relevant information and the rest of this signal has virtually no information. Therefore, all but the first 64 samples can be discarded without any loss of information. This is how DWT provides a very effective data reduction scheme.

One important property of the discrete wavelet transform is the relationship between the impulse responses of the highpass and lowpass filters. The highpass and lowpass filters are not independent of each other, and they are related by 
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Where g[n] is the highpass, h[n] is the lowpass filter, and L is the filter length (in number of points). The two filters are odd index alternated reversed versions of each other. Lowpass to highpass conversion is provided by the (-1)n term. Filters satisfying this condition are commonly used in signal processing, and they are known as the Quadrature Mirror Filters (QMF). 

The above procedure is followed in reverse order for the reconstruction. The signals at every level are upsampled by two, passed through the synthesis filters g’[n], and h’[n] (highpass and lowpass, respectively), and then added. The interesting point here is that the analysis and synthesis filters are identical to each other, except for a time reversal. Therefore, the reconstruction formula becomes (for each layer)
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However, if the filters are not ideal halfband, then perfect reconstruction cannot be achieved. Although it is not possible to realize ideal filters, under certain conditions it is possible to find filters that provide perfect reconstruction. The most famous ones are the ones developed by Ingrid Daubechies, and they are known as Daubechies’ wavelets. 

Note that due to successive subsampling by 2, the signal length must be a power of 2, or at least a multiple of power of 2, in order this scheme to be efficient. The length of the signal determines the number of levels that the signal can be decomposed to. For example, if the signal length is 1024, ten levels of decomposition are possible. 

4. Wavelet based coding 

Wavelets are particularly useful at representing diverse classed of functions sparsely. That is, wavelets can represent some functions using far fewer coefficients that can Fourier or polynomial bases. The functions for which wavelets often do better include those that have sharp jumps or discontinuities. This efficiency of representation explains the success of wavelets in applications such as image compression where they compress the transform coding step. 
The simplest wavelet is the Haar mother which can be defined on [0,1) by
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and is depicted in Figure 4.1. On the interval [0,1) there is one wavelet at scale 0 (the mother wavelet), two at scale 1, four at scale 2, eight at scale 3 and so on. 
JPEG2000 implements an entirely new way of compressing images based on the wavelet transform, in contrast to the discrete cosine transform (DCT) used in the original JPEG standard. The state of wavelet-based coding has improved significantly since the introduction of the original JPEG standard. A notable breakthrough was the introduction of embedded zero-tree wavelet (EZW) coding by Shapiro. The EZW algorithm was able to exploit the multiresolutional properties of the wavelet transform to give a computationally simple algorithm with outstanding performance.

Improvements and enhancements to the EZW algorithm have resulted in modern wavelet coders which have improved performance relative to block transform coders.

4.1. Embedded Zero-Tree Wavelet Coding

The era of modern lossy wavelet coding began in 1993 when Jerry Shapiro introduced EZW coding. EZW coding exploited the multiresolution nature of the wavelet decomposition to give a completely new way of doing image coding. The resulting algorithm had improved performance at low bit rates relative to the existing JPEG standard, as well as having other nice features such as a completely embedded bit representation. EZW marked the beginning of modern wavelet coding since improved wavelet coders proposed subsequent to EZW are based on fundamental concepts from EZW coding. This section fully describes the EZW algorithm.
One of the beneficial properties of the wavelet transform, relative to data compression, is that it tends to compact the energy of the input into a relatively small number of wavelet coefficients. For example, in naturally occurring images, much of the energy in the wavelet transform is concentrated into the LLK band. In addition, the energy in the high frequency bands (HLi , LHi , HHi ) is also concentrated into a relatively small number of coefficients. This energy compaction property can be observed in the probability distribution of wavelet coefficients in the high frequency subbands.
The only problem with this idea is that since only a select number of coefficients are now being coded, the encoder needs to send position information as well as magnitude information for each of the coefficients so that data can be decoded properly. Depending on the method used, the amount of resources required to code the position information can be a significant fraction of the total, negating much of the benefit of the energy compaction.
Observation of 2D wavelet decompositions shows that the significant coefficients in the high frequency subband do not occur at random locations, but rather tend to cluster. Furthermore, these clusters tend to occur at the same relative spatial location in each of the high frequency subbands.  The idea of interband prediction is to use the location of significant coefficients in one frequency band to predict the location and magnitude of significant coefficients in other frequency bands, thus reducing the cost of coding position information.
4.1.1. Significance Map Coding Using Zero-Trees

The EZW algorithm recognized that a significant fraction of the total bits required to code an image were needed to code position information, or what the EZW algorithm called significance maps. A significance map was defined as an indication of whether a particular coefficient was zero or nonzero (i.e., significant) relative to a given quantization level (the reason for conditioning relative to a quantization level or threshold T will be explained in the next section on successive approximation quantization). The EZW algorithm determined a very efficient way to code significance maps not by coding the location of the significant coefficients, but rather by coding the location of the zeros. It was found experimentally that zeros could be predicted very accurately across different scales in the wavelet transform. Defining a wavelet coefficient as insignificant with respect to a threshold T if |x|<T, the EZW algorithm hypothesized that “if a wavelet coefficient at a coarse scale is insignificant with respect to a given threshold T, then all wavelet coefficients of the same orientation in the same spatial location at finer scales are likely to be insignificant with respect to T.” Recognizing that coefficients of the same spatial location and frequency orientation in the wavelet decomposition can be compactly described using tree structures, the EZW called the set of insignificant coefficients, or coefficients that are quantized to zero using threshold T, zero-trees.
[image: image63.emf]
Figure 4.1
To make the discussion more precise, consider the tree structures on the wavelet transform shown in Figure 4.1. In the wavelet decomposition, coefficients that are spatially related across scale (or frequency) can be compactly described using these tree structures. With the exception of the low resolution approximation (LLK) and the highest frequency bands (HL1, LH1, and HH1) each (parent) coefficient at level i of the decomposition spatially correlates to 4 (child) coefficients at level i −1of the decomposition which are at the same frequency orientation. For the LLK band, each parent coefficient spatially correlates with 3 child coefficients, one each in the HLK, LHK, and HHK bands. The standard definitions of ancestors and descendants in the tree follow directly from these parent- child relationships. A coefficient is part of a zero-tree if it is zero and if all of its descendants are zero with respect to the threshold T. It is also a zero-tree root if is not part of another zero-tree starting at a coarser scale. Zero-trees are very efficient for coding since by declaring only one coefficient a zero-tree root, a large number of descendant coefficients are automatically known to be zero. For example, a zero-tree root at level i in the wavelet decomposition determines the value of 
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total coefficients if the root is not in the LLK band, and 
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 total coefficients if it is. The compact representation, coupled with the fact that zero-trees occur frequently, especially at low bit rates, make zero-trees efficient for coding position information. Zero-trees are thus an elegant solution to both the interband prediction problem and the significant coefficient position coding problem.
The next key to the EZW algorithm is the concept of successive approximation quantization. Successive approximation quantization serves two purposes in the EZW algorithm. First, it is used as a method to generate a large number of zero-trees, which is good since zero-trees are easily coded. Second, successive approximation quantization is used to sort the bit order of coded bits so that the most significant bits are sent first. An important end result of the most significant bits being sent first is that the coded bitstream is embedded. This means that bits needed to represent a higher fidelity image can be derived by simply adding extra refining bits to the lower fidelity image representation. Equivalently, a lower fidelity image can be derived by simply truncating the embedded bit stream, resulting in a lower overall bit rate.

To introduce the concept of successive approximation quantization, consider the case of an encoder wanting to transmit a coefficient, represented here by p, to a decoder. If the value of the coefficient p is represented in binary as 00100010 , and if the encoder can only send one bit, which bit of p should the encoder send? The answer from a MSE perspective is that the encoder should send the most significant bit first. To see this, consider the contribution that the reconstructed coefficient 
[image: image66.wmf]p

ˆ

 would add to the overall reconstruction MSE. If the most significant bit were sent, the MSE error would increase by (p−00100000)= (00000010). Alternatively, if the least significant bit were sent, the MSE would increase by the much larger amount of(p−00000010)=(00100000 ). The basic idea of successive approximation quantization is that the next bit sent will always be the one which reduces the resulting MSE by the maximum possible amount.

EZW implements successive approximation quantization through a multipass scanning of the wavelet coefficients using successively decreasing thresholds 
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The initial threshold is set to the value of 
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is the largest wavelet coefficient. Each scan of wavelet coefficients is divided into two passes: dominant and subordinate. The dominant pass establishes a significance map of the coefficients relative to the current threshold Ti . Thus, coefficients which are significant on the first dominant pass are known to lie in the interval [T0, 2T0), and can be represented with the reconstruction value of (3T0/2). The dominant pass essentially establishes the most significant bit of binary representation of the wavelet coefficient, with the binary weights being relative to the thresholds Ti.
After the first dominant pass the algorithm must track two classes of coefficients, where the classes depend on whether the coefficients were found to be significant on previous passes. EZW tracks these two classes by maintaining two lists: a dominant list consisting of the location of all coefficients not found to be significant in previous passes, and a subordinate list consisting of the location of all the coefficients found to be significant in previous passes. On the subordinate pass, or refinement pass, the successive approximation quantization determines the value of the next most significant bit of the binary representation of coefficients on the subordinate list. This is equivalent to finding the quantized value of these coefficients relative to the quantization step size Ti/2. 
For the second and subsequent scans the threshold Ti is decreased by powers of two,
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, resulting in a binary representation of the coefficients. Dominant passes are only made on those coefficients on the dominant list (those coefficients not found significant on previous passes), the scanning of the dominant coefficients follows the subband ordering shown in Figure 4.2., which guarantees that a coefficient is always scanned before any of its descendants, relative to the tree structure of Figure 4.1. Those coefficients which can be deduced to be zero from a zero-tree root are not coded, which guarantees the maximum benefit from any zero-trees which may occur. Coefficients found to be significant during the dominant pass are moved to the subordinate list and are not coded in subsequent dominant passes. However, the locations of the coefficients on the original wavelet mapping are set to zero to increase the likelihood that the ancestors of the coefficients will be coded as zero-tree roots on future dominant passes.
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Figure 4.2
4.1.2. EZW Coding Algorithm

Having discussed zero-trees and successive approximation quantization, the EZW coding algorithm can now be summarized as follows.

1) Initialization: Place all wavelet coefficients on the dominant list. Set the initial threshold to 
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2) Dominant Pass: Scan the coefficients on the dominant list using the current threshold Ti and subband ordering shown in Figure 4.2. Assign each coefficient one of four symbols:

· positive significant (ps)—meaning that the coefficient is significant relative to the current threshold Ti and positive,

· negative significant (ns)—meaning that the coefficient is significant relative to the current threshold Ti and negative,

· isolated zero (iz)—meaning the coefficient is insignificant relative to the threshold Ti and one or more of its descendants are significant,

· zero-tree root (ztr)—meaning the current coefficient and all of its descendants are insignificant relative to the current threshold Ti .

Any coefficient that is the descendant of a coefficient that has already been coded as a zero-tree root is not coded, since the decoder can deduce that it has a zero value. Coefficients found to be significant are moved to the subordinate list and their values in the original wavelet map are set to zero. The resulting symbol sequence is entropy coded.
 3) Subordinate Pass: Output a 1 or a 0 for all coefficients on the subordinate list depending on whether the coefficient is in the upper or lower half of the quantization interval.

 4) Loop: Reduce the current threshold by two, 
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. Repeat the Steps 2) through 4) until the target fidelity or bit rate is achieved.

EZW Example

This section demonstrates the details of the EZW algorithm using a simple example. The coefficients to be coded are from a three-level wavelet transform of an 8 × 8 image and are shown in Figure 4.3. For clarity, the entropy coding is not shown, which means the coder output will be a sequence of symbols for the dominant pass. The largest coefficient in the transform is 53 which results in an initial threshold of T0 =32. The results for the first dominant pass are shown in Table 1, with corresponding comments given below.

1) The coefficient has a magnitude greater than or equal to the threshold 32 and is positive. The resulting symbol is positive significant (ps), and the decoder knows that this symbol lies in the interval [32,64) and that its reconstruction value is 48.
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Figure 4.3
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Figure 4.4
2) This coefficient and all of its descendants (comprising all of subbands HL2 and HL1 ) are less than the threshold of 32, which causes this symbol to be coded as a zero-tree root (ztr). As a result, the remaining coefficients in subbands HL2 and HL1 are not coded in this dominant pass.
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Table 1
3) This coefficient is less than the threshold 32, but one of its descendants, coefficient 34 in subband LH2 , is significant relative to the threshold, preventing this symbol to be coded as a zero-tree root (ztr). As a result, this coefficient is coded as isolated zero (iz). 
In the first subordinate pass the encoder sends a 0 or 1 to indicate if the significant coefficients are in the intervals [32,48) or [48,64) respectively. Thus the encoder outputs are 1 and 0 corresponding to the reconstruction values of (48+64)/2 = 56 and (32+48)/2 = 40. The results of the first subordinate pass are summarized in Table 2. For the second dominant pass the coefficients 53 and 34 do not have to be coded again. The wavelet transform thus appears as in Figure 4.4, where the * indicates a previously significant coefficient. The threshold for the second dominant pass is T1 =16 and the results of this pass are summarized in Table 2, with corresponding comment given below.
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Table 2

4) Since the coefficient 34 of subband LH2 was found to be significant on a previous pass, its value can be considered zero for purposes of computing zero-trees. As a result, the coefficient 14 becomes a zero-tree root on the second dominant pass. 
The process continues alternating between dominant and subordinate passes until a desired fidelity or bit rate is achieved.
Now the main question to be asked is: How well does it perform? The answer is that the performance is quite good. When EZW was first introduced it gave compression to the original code. To generate a lower rate or less detailed code, just truncate bits off from the original code to get the desired lower code rate. The resulting codes, at either higher or lower rate, would be exactly the same as those generated from scratch using the EZW algorithm. One desirable consequence of an embedded bit stream is that it is very easy to generate coded outputs with the exact desired size. Truncation of the coded output stream does not produce visual artifacts since the truncation only eliminates the least significant refinement bits of coefficients rather than eliminating entire coefficients as is done in subband coding.
One problem with EZW is that it performs poorly when errors are introduced into the coded data. This is because the embedded nature of the coding causes errors to propagate from the point that they are introduced to the end of the data. This is not a problem in low noise environments but does pose a problem in the modern wireless world where error rates in data communication can be quite high. Modifications to the original EZW algorithm have addressed this issue. Another concern is that the original EZW data structure is not very flexible. For example, some applications may want to selectively decode an image to increase resolution only in certain portions of the image. Such selective spatial decoding requires modifications to the original EZW algorithm. Other new techniques, such as the EBCOT algorithm which is used in JPEG 2000, address some of these hortcomings of EZW.
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