


Find Boolean formula satisfiable iff ∃ n-bit sequence with no j equally
spaced 0s and not k equally spaced 1s. A variable xi for each bit...

for i from 1 to n-(j-1)

for d from 1 to floor((n-i)/(j-1))

AddClause({i+0*d, i+1*d, ..., i+(j-1)*d})

for i from 1 to n-(k-1)

for d from 1 to floor((n-i)/(k-1))

AddClause({-(i+0*d), -(i+1*d), ..., -(i+(k-1)*d)})
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c 3 3 8

p cnf 8 24

1 2 3 0

1 3 5 0

1 4 7 0

2 3 4 0

2 4 6 0

2 5 8 0

3 4 5 0

3 5 7 0

4 5 6 0

4 6 8 0

5 6 7 0

6 7 8 0

-1 -2 -3 0

-1 -3 -5 0

-1 -4 -7 0

-2 -3 -4 0

-2 -4 -6 0

-2 -5 -8 0

-3 -4 -5 0

-3 -5 -7 0

-4 -5 -6 0

-4 -6 -8 0

-5 -6 -7 0

-6 -7 -8 0

c 3 3 9

p cnf 9 32

1 2 3 0

1 3 5 0

1 4 7 0

1 5 9 0

2 3 4 0

2 4 6 0

2 5 8 0

3 4 5 0

3 5 7 0

3 6 9 0

4 5 6 0

4 6 8 0

5 6 7 0

5 7 9 0

6 7 8 0

7 8 9 0

-1 -2 -3 0

-1 -3 -5 0

-1 -4 -7 0

-1 -5 -9 0

-2 -3 -4 0

-2 -4 -6 0

-2 -5 -8 0

-3 -4 -5 0

-3 -5 -7 0

-3 -6 -9 0

-4 -5 -6 0

-4 -6 -8 0

-5 -6 -7 0

-5 -7 -9 0

-6 -7 -8 0

-7 -8 -9 0
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Back to binary Waerden sequences!

Recall

Boolean formula satisfiable iff ∃ n-bit sequence with no j equally spaced
0s and not k equally spaced 1s.
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Exact Cover

Given a 0− 1 matrix, find a selection of the rows that has exactly one 1
in each column.



Langford pairing

A permutation of 1, 1, 2, 2, 3, 3, ..., n, n so that the two ks are k “slots”
apart.

Express as exact
cover. Find a selec-
tion of the rows that
has exactly one 1 in
each column.

100010100000

100001010000

100000101000

100000010100

100000001010

100000000101

010010010000

010001001000

010000100100

010000010010

010000001001

001010001000

001001000100

001000100010

001000010001

000110000100

000101000010

000100100001

1 1.1.....

1 .1.1....

1 ..1.1...

1 ...1.1..

1 ....1.1.

1 .....1.1

2 1..1....

2 .1..1...

2 ..1..1..

2 ...1..1.

2 ....1..1

3 1...1...

3 .1...1..

3 ..1...1.

3 ...1...1

41....1..

4.1....1.

4..1....1
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Exact Covering as SAT problem

Assign yi to row i . Obtain conditions:

I Column 1: y1 + y2 + y3 + y4 + y5 + y6 = 1

I Column 2: y7 + y8 + y9 + y10 + y11 = 1
...

I Column 5: y1 + y7 + y12 + y16 = 1

I Column 6: y2 + y8 + y13 + y17 = 1
...

I Column 12: y6 + y11 + y15 + y18 = 1

Express symmetric function
S1(y1, y2, y3, y4, y5, y6) =
[y1 + y2 + y3 + y4 + y5 + y6 = 1] in CNF.
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Express as a Boolean Chain (Section 7.1.2) ...
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Express Boolean Chain in CNF using Tseytin encoding.

How do we obtain a CNF formula satisfiable iff z = (10101)2 can be
factored into x and y?
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Guess that Boolean function!
f (x1, x2, . . . , xN) is an unknown Boolean function that evaluates to 1 or 0
on the tabulated points.

Problem: find a DNF formula on M terms that agrees with the tabulated
data.
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