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Abstract
The influence estimation and maximization problems study the

expected reach of a seed set in social networks under a stochastic

propagation model. Motivated by the practical utility of character-

izing the distribution of reach values, we systematically analyze the

tail behaviour of the reach of a seed set. We study tail bound query
problems that, for a given seed set, compute either the maximum

reach for a given probability threshold or the highest probability of

achieving a target reach. We prove #P-hardness and propose algo-

rithms that balance efficiency and accuracy. We also examine tail
bound optimization problems that find a seed set maximizing reach

for a target probability or maximizing the probability of achieving

a target reach, and establish strong inapproximability results.

Experiments on real datasets demonstrate the effectiveness of

our algorithms, showing that good approximations of the actual

reach for a desired probability can be computed efficiently and that

the actual reach can be very different from the expected reach.
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1 Introduction
Social networks have evolved into powerful platforms for infor-

mation dissemination in contexts such as viral marketing, political

campaigns, and public health. The scale and speed of propagation

via social ties—often termed the “word-of-mouth” effect—has en-

abled highly effective outreach strategies [1, 2, 6, 11, 13, 23–25].
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Figure 1: Network instance exhibiting large deviation in actual vs.
expected reach.

Information in these networks typically spreads through sto-

chastic cascades initiated by “seeding” selected users. Two central

problems in this space are influence estimation (IE), which assesses

the reach of a given seed set, and influence maximization (IM),

which seeks seed sets that maximize influence. These were formal-

ized in the seminal work of [11], and much subsequent research

has focused on computing or approximating the expected reach of

seed sets under stochastic models like Independent Cascade (IC)

and Linear Threshold (LT) [4, 15, 16, 20, 29]. This line of work also

includes scalable oracle-based IE techniques [15, 20], efficient IM

algorithms using reverse influence sampling [10, 17, 26, 27], and

robust or adaptive variants of IM [8, 9, 18, 19].

However, reliance on expected reach ignores the variance in the

distribution of actual reach. This can result in seed sets with optimal

expected influence but much smaller actual reach. In the network

of Figure 1, all unlabelled edges have propagation probability 1, and

both 𝑣2 and 𝑣3 connect to 𝑙 leaf nodes. Node 𝑣1 yields the highest

expected reach of 𝑙+2 among single nodes, but with 0.25 probability,

it may fail to activate 𝑣2 and 𝑣3, reaching only 1 node. In contrast,

𝑣2 and 𝑣3 each guarantee a reach of 𝑙 + 1 with probability 1, making

them better choices when high certainty is preferred.

In real-world scenarios, such as a health outreach initiative by

the government or an advertiser purchasing social network expo-

sure, stakeholders need probabilistic guarantees. Questions such as

“What is the probability of reaching at least 100K users?” or “What
is the maximum reach achievable with 80% confidence?” cannot be
answered by expected values alone. Motivated by these challenges,

we present a systematic study of the tail behavior of the reach

distribution. We study two classes of problems: tail bound queries,
which evaluate the maximum probability of achieving a target reach

or the maximum reach achievable at a given probability; and tail
bound optimization, which search for seed sets optimizing reach

or probability under probabilistic constraints. We show that tail

bound queries are #P-hard, while the optimization problems are

inapproximable within any constant factor unless P=NP.

Our contributions are as follows: (1) We present a systematic

study of tail bound query and optimization problems as practically
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motivated extensions of IE and IM, focused on actual rather than

expected reach. (2) We establish a suite of hardness results for

these problems, and complement them with algorithmic techniques,

including a novel efficient Multiway Stopping Rule Algorithm. (3)

We validate our methods on real-world datasets, showing that good

approximations of actual reach can be computed efficiently and

that it can be much less than expected reach.

2 Preliminaries
We adopt the Independent Cascade (IC) model [11], though our

methods extend to other stochastic propagation models such as

linear threshold and triggering models.

Independent Cascade Model. Let𝐺 = (𝑉 , 𝐸) be a directed graph

with |𝑉 | = 𝑛, |𝐸 | = 𝑚, and edge probabilities 𝑝 (𝑢, 𝑣) ∈ (0, 1]. The
propagation process unfolds in discrete steps: at step 0, we activate
the seed set 𝑆 ⊂ 𝑉 , while setting all other nodes inactive. At each
time step, newly activated nodes each get one chance to activate

each inactive out-neighbour 𝑣 with probability 𝑝 (𝑢, 𝑣). The process
terminates when no further activations occur. Equivalently, sample

a “possible world” 𝑔 by retaining each edge (𝑢, 𝑣) independently
with probability 𝑝 (𝑢, 𝑣); then the final activated set 𝑅𝑔 (𝑆) is the set
of all reachable nodes from 𝑆 .

Expected Influence. Define the influence of a seed set 𝑆 , 𝜎 (𝑆) =
E𝑔 [|𝑅𝑔 (𝑆) |], as the expected number of nodes activated using 𝑆 at

termination. The Influence Maximization problem seeks a size-𝑘

seed set 𝑆 maximizing 𝜎 (𝑆). However, 𝜎 (𝑆) omits distributional

variance, so actual reach can be much lower than its expectation.

Stopping-Rule Algorithm. The Generalized Stopping Rule Al-

gorithm (SRA) [5, 16] estimates E[𝑌 ] for 𝑌 ∈ [𝑎, 𝑏] within relative

error 𝜖 and failure probability 𝛿 . It computes a threshold Γ, draws
samples of 𝑌 until their sum exceeds Γ, and returns the sample

average. For indicator variables (𝑌 ∈ {0, 1}), [31] provides an im-

proved threshold Γ𝐼 = (1 + 𝜖) (1 + (2 + 2

3
𝜖) ln( 2

𝛿
) 1
𝜖2
). We use this

improved threshold in our algorithms for tail-probability estimation.

Algorithm 1 provides the details of SRA from [16].

Algorithm 1 Stopping-Rule Algorithm (SRA)

Input: RVs 𝑌𝑖 ∈ [𝑎, 𝑏], 𝜖 > 0, 𝛿 < 1

Output: An (𝜖, 𝛿)-approximation of E[𝑌 ]
if 𝑏 − 𝑎 < 𝜖𝑏 then

return 𝜇𝑌 = 𝑎.

Set 𝜖′ ← 𝜖 (1 − 𝜖𝑏
(2+2𝜖/3) ln(2/𝛿 ) (𝑏−𝑎) );

Γ ← (1 + 𝜖) (𝑏 − 𝑎) (2 + 2

3
𝜖′) ln( 2

𝛿
) 1

(𝜖 ′ )2 .
Initialize ℎ ← 0, 𝑇 = 0.

while ℎ < Γ do
ℎ ← ℎ + 𝑌𝑇 , 𝑇 ← 𝑇 + 1.

return 𝜇𝑌 = ℎ/𝑇 .

3 Seed Set Queries
A seed set query is a set of seed nodes 𝑆 ⊂ 𝑉 for which a user seeks

one of the following: (i) the maximum reach that 𝑆 can attain for a

given threshold probability 𝜂; or (ii) the maximum probability that

𝑆 will attain a given target reach 𝑟 , 0 ≤ 𝑟 ≤ 𝑛. We formally define

the following problems.

Problem 1. Given seed set 𝑆 and threshold probability 𝜂, compute
the maximal reach 𝑟∗ ∈ [0, 𝑛] for which Pr𝑔∼𝐺 [|𝑅𝑔 (𝑆) | ≥ 𝑟∗] ≥ 𝜂.

Problem 2. Given seed set 𝑆 and a target reach 𝑟 , compute the
maximal probability 𝜂∗ for which Pr𝑔∼𝐺 [|𝑅𝑔 (𝑆) | ≥ 𝑟 ] ≥ 𝜂∗.

It is immediate that 𝑟∗ decreases as 𝜂 increases, and 𝜂∗ decreases
as 𝑟 increases. [30] showed that Problem 1 is #P-hard. We show the

following intractability result.

Theorem 3.1. Problem 2 is #P-hard.

Remark. Although Problem 2 is #P-hard to compute exactly, one

can approximate 𝜂∗ to arbitrary precision via the Stopping-Rule

Algorithm (SRA) if Pr[|𝑅𝑔 (𝑆) | ≥ 𝑟 ] > 0, by testing connectivity in

the possible-world graph. Henceforth, we focus on Problem 1 and

develop three frameworks trading off efficiency and accuracy.

3.1 Query Algorithms
We present three approaches for answering tail bound queries.

Given a query seed set, they leverageMonte-Carlo (MC) simulations

of its reach. The first constructs an empirical CDF with absolute
error guarantees. The other two feed indicator RVs to a Stopping

Rule Algorithm (SRA), yielding stronger relative error guarantees.
Suppose we run 𝑠 MC simulations of the reach of 𝑆 and associate

with the 𝑖-th simulation a random variable (RV) 𝑋𝑖 = |𝑅𝑔 (𝑆) |. 𝑋𝑖 ’s
are independent with mean 𝑝 = 𝜎 (𝑆) = E[|𝑅𝑔 (𝑆) |]. Thus, 1𝑠

∑
𝑖 𝑋𝑖 is

an unbiased estimator of 𝑝 . Our goal is to lower bound Pr[|𝑅𝑔 (𝑆) | ≥
𝑟 ] and identify the maximal 𝑟 satisfying a threshold.

Empirical CDF. If we had oracle access to the CDF 𝐹 of 𝑅𝑔 (𝑆),
we could solve Problem 1 by computing 𝐹 (𝑟 ) := Pr[|𝑅𝑔 (𝑆) | ≤ 𝑟 ].
Since this is expensive, we estimate 𝐹 (𝑟 ) via Monte Carlo sam-

pling to construct an empirical CDF, approximating 𝐹 . We use the

Dvoretzky-Kiefer-Wolfowitz (DKW) inequality [7, 14], which pro-

vides a tight uniform bound between the empirical and true CDFs.

Lemma 1. [14] Let 𝑌1, . . . , 𝑌𝑠 ∈ [0, 𝑛] be i.i.d. RVs with cumulative
distribution function 𝐹 (·). Let 𝐹𝑠 (𝑥) = 1

𝑠

∑𝑠
𝑖=1 1𝑋𝑖≤𝑥 with 𝑥 ∈ [0, 𝑛]

denote the associated empirical distribution. Then, given a constant
𝜖 > 0, we have Pr[sup𝑥∈[0,𝑛] |𝐹𝑠 (𝑥) − 𝐹 (𝑥) | > 𝜖

]
≤ 2 exp(−2𝑠𝜖2) .

This yields symmetric confidence bands: 𝐿(𝑥) = 𝐹𝑠 (𝑥) − 𝜖 ,

𝑈 (𝑥) = 𝐹𝑠 (𝑥) +𝜖 . With 𝑠 ≥ ln
2

𝛿

2𝜖2
samples, the bands enclose the true

CDF with probability 1 − 𝛿 . Given confidence 1 − 𝛿 and tolerance

𝜖 , Algorithm 2 draws 𝑠 samples to estimate 𝐹𝑠 (𝑥) and constructs

bounds 𝐿(𝑥),𝑈 (𝑥). It then computes a conservative lower bound

𝑟𝐷𝐾𝑊 from the complement of𝑈 (𝑥) satisfying the𝜂 constraint, and
an upper bound 𝑟𝑢

𝐷𝐾𝑊
from the complement of 𝐿(𝑥). Thus, with

probability ≥ 1 − 2𝛿 , 𝑟∗ ∈ [𝑟𝐷𝐾𝑊 , 𝑟𝑢
𝐷𝐾𝑊

], and the returned value

𝑟𝐷𝐾𝑊 is a
𝑟𝐷𝐾𝑊
𝑟𝑢
𝐷𝐾𝑊

-approximation of 𝑟∗. As 𝜖 → 0, 𝑟𝐷𝐾𝑊 → 𝑟∗.

SRA Searching. Let 𝐼𝑟 be an indicator random variable equal to

1 if |𝑅𝑔 (𝑆) | ≥ 𝑟 , and 0 otherwise. Then, E[𝐼𝑟 ] = Pr[|𝑅𝑔 (𝑆) | ≥
𝑟 ], making 𝐼𝑟 an unbiased estimator. Applying SRA to 𝐼𝑟 yields

an estimate 𝜇𝑟 for this probability. Due to SRA’s relative error

guarantees, if
𝜇𝑟
1+𝜖 ≥ 𝜂, we conclude Pr[|𝑅𝑔 (𝑆) | ≥ 𝑟 ] ≥ 𝜂 with

probability at least 1 − 𝛿 .
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Algorithm 2 Empirical Cumulative Distribution Function (Em-

pCDF)

Input: 𝜖 > 0, 𝛿 < 1, 𝜂 ∈ [0, 1]
Output: 𝑟𝐷𝐾𝑊 , 𝑟𝑢

𝐷𝐾𝑊

𝑠 ← ln(2/𝛿 )
2𝜖2

Build 𝐹𝑠 (𝑥) from 𝑠 simulations; construct 𝐿(𝑥),𝑈 (𝑥)
Compute 𝑟𝐷𝐾𝑊 from complement of𝑈 (𝑥) satisfying 𝜂
Compute 𝑟𝑢

𝐷𝐾𝑊
from complement of 𝐿(𝑥) satisfying 𝜂

return 𝑟𝐷𝐾𝑊 , 𝑟𝑢
𝐷𝐾𝑊

Our second approach proceeds in two phases using SRA on 𝐼𝑟

to identify values 𝑟1 and 𝑟2 such that

𝜇𝑟
1

1+𝜖 > 𝜂 and

𝜇𝑟
2

1−𝜖 > 𝜂 In

Phase 1, we perform a binary search over 𝑟1 ∈ [0, 𝑛], invoking SRA
with 𝛿𝑟1 = 𝛿

2 ln𝑛
to find the smallest 𝑟1 satisfying the above. The

union bound ensures this holds with probability ≥ 1 − 𝛿/2. Phase 2
similarly searches for 𝑟2 using the same 𝛿𝑟2 = 𝛿𝑟1 . We return 𝑟1 as

the solution, which satisfies 𝑟∗ ∈ [𝑟1, 𝑟2] with probability at least

1 − 𝛿 , implying a
𝑟1
𝑟2
-approximation to 𝑟∗.

To improve efficiency, we enhance SRA with an early stopping
mechanism tailored to indicator RVs and a known threshold 𝜂.

During execution, SRA maintains an upper bound𝑈𝐵 on the final

estimate by assuming all future samples are 1. We scale 𝑈𝐵 by

(1 − 𝜖) to conservatively account for estimation error and use it as

a stopping condition.

Multiway SRA. Standard SRA estimates the mean of a single

random variable. In our query problem, we need to estimate the

probability that 𝑆 can reach 𝑟 nodes for all possible 𝑟 values. While

binary search with early stopping helps, it still requires a separate

SRA invocation per candidate $r$. To optimize further, we develop

a single-pass multiway SRA that estimates all 𝜇_𝑟 simultaneously.

Let 𝑅1, . . . , 𝑅𝑠 be Monte Carlo simulations of |𝑅𝑔 (𝑆) |, and define

𝑋𝑟,𝑖 = 1 if |𝑅𝑖 (𝑆) | ≥ 𝑟 , and 0 otherwise. For each fixed 𝑟 ∈ [0, 𝑛], the
𝑋𝑟,𝑖 form an i.i.d. stream suitable for SRA. Crucially, since the seed

set is fixed, we can update all relevant 𝑟 in one pass: each sample

contributes to all 𝑋𝑟,𝑖 where 𝑟 ≤ |𝑅𝑖 (𝑆) |.
As samples are generated, smaller 𝑟 values satisfy the SRA thresh-

old Γ sooner. For large 𝑟 , where the estimated 𝜇𝑟 likely falls below

the threshold 𝜂, we apply our early termination strategy. Once sam-

pling completes, we identify the solution to Problem 1 by scanning

up to find the largest 𝑟𝑢 such that
𝜇𝑟𝑢
1−𝜖 > 𝜂 and canning down to

find the largest 𝑟𝑙 such that

𝜇𝑟𝑙
1+𝜖 > 𝜂 We return 𝑟𝑙 as the solution.

Algorithm 3 outlines the full procedure, beginning with compu-

tation of the improved threshold Γ𝐼 and proceeding with sampling

until early stopping is triggered.

4 Seed Set Search
In the seed set search problem, we are given a budget 𝑏 and seek a

seed set 𝑆 ⊂ 𝑉 with |𝑆 | ≤ 𝑏 that either: (i) maximizes the chance of

reaching at least 𝑟 nodes, or (ii) maximizes the guaranteed reach at

a specified confidence level.

Problem 3. Given budget 𝑏 and target reach 𝑟 , search for a seed set
𝑆 of size 𝑏 that maximizes the probability Pr𝑔∼𝐺 [|𝑅𝑔 (𝑆) | ≥ 𝑟 ].

Algorithm 3 Multiway Stopping Rule Algorithm (mwSRA)

Input:MC reach simulations 𝑅𝑖 , 𝜖 > 0, 𝛿 < 1, 𝜂 ∈ [0, 1]
Output: An (𝜖, 𝛿)-approximation 𝜇𝑟 for each 𝑟 ∈ [0, 𝑛]
Γ ← (1 + 𝜖)

(
1 + (2 + 2

3
𝜖) ln( 2

𝛿
) 1
𝜖2

)
, 𝑇 = 0

Initialize ℎ𝑖 ← 0,𝑈𝐵𝑖 = 1 for all 𝑖 ∈ [0, 𝑛]
while min(ℎ𝑖 ) < Γ do

for all 𝑖 ∈ [0, 𝑛] such that ℎ𝑖 < Γ do
ℎ𝑖 ← ℎ𝑖 + I𝑇
if ℎ𝑖 ≥ Γ then

Record 𝜃𝑖 = 𝑇

𝑈𝐵𝑖 ← Γ
𝑇+Γ−ℎ𝑖

if max

(
𝑈𝐵𝑖
1−𝜖

)
< 𝜂 for 𝑖 such that ℎ𝑖 < Γ then

break
𝑇 ← 𝑇 + 1

return {𝜇𝑖 = ℎ𝑖/𝜃𝑖 : 𝑖 ∈ [0, 𝑛]}

Problem 4. Given budget 𝑏 and a target probability 𝜂, search for a
seed set 𝑆 of size𝑏 thatmaximizes the reach 𝑟 such that Pr𝑔∼𝐺 [|𝑅𝑔 (𝑆) | ≥
𝑟 ] ≥ 𝜂.

Unlike classical IM, these objectives are neither submodular

nor supermodular, reverse sampling techniques do not apply and

metrics such as submodularity ratio and curvature can approach

zero [3], precluding the usual greedy-approximation guarantees.

We establish the following strong hardness results:

Theorem 4.1. Problem 3 is NP-hard to approximate within any
constant factor 𝑐 ∈ (0, 1].

Theorem 4.2. Problem 4 is NP-hard to approximate within 1/𝑁 1−𝜖

for any 𝜖 > 0, where 𝑁 = |𝑉 |.
A simple baseline algorithm that picks any 𝑏 nodes achieves

approximation ratio 𝑏/𝑁 = 𝑂 (1/𝑁 ), which matches the lower

bound for Problem 4. Thus, unless 𝑃 = 𝑁𝑃 , no polynomial-time

method can outperform this trivial strategy for Problem 4.

Practical approaches. In lieu of strong guarantees, one can apply a
greedy heuristic that performswell empirically: at each step, add the

node that yields the largest marginal improvement in the estimated

objective, using a fixed number of Monte Carlo simulations for

Problem 3, or the Stopping-Rule Algorithm for Problem 4.

5 Experiments

Setup. We perform experiments on 4 real networks of varying

sizes from snap.stanford.edu. EmailEU is an email communication

network with 1K nodes and 25K edges. Facebook is a subset of the

popular social network with 4K nodes and 88K edges. NetHEPT is

a collaboration network in the High Energy Physics community

with 15K nodes and 62K edges. Github is a social network of github
developers consisting of 37K nodes and 290K edges. Our algorithms

implemented in C++ were tested on a dual 6-core 2.10GHz Intel

Xeon machine with 32GB RAM, running Ubuntu 14.04.2.

Default Parameters. As in previous works [12, 21, 22, 26, 28]

we set edge probabilities for 𝑒 = (𝑢, 𝑣) to 1/𝑖𝑛𝑑𝑒𝑔𝑟𝑒𝑒 (𝑣). We use

𝜖 = 0.05 and 𝛿 = 1/𝑛 as default for all query algorithms: Empirical

CDF (DKW), SRA Search (SS) and Multiway SRA (MW).

snap.stanford.edu
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Figure 2: Reach values on NetHEPT, and Github are presented by rows, with Column 1 comparing DKW and SRA performance using 50 random
seeds, and Column 2 using 50 IMM-selected seeds for different 𝜂. DKW and SRA results are similar, and quite distinct from the expected reach
(dotted line). Columns 3 and 4 explore the impacts of varying 𝜖 in these settings.

Table 1: Runtime (sec) of algorithms DKW, MW, and SS on EmailEU and Facebook, 𝑘 = 50.

𝜂
EmailEU Facebook

Random Influential Random Influential

DKW MW SS DKW MW SS DKW MW SS DKW MW SS

0.5 0.282 2.066 36.3 0.525 4.745 87.3 0.293 2.68 43.4 2.975 26.91 606

0.75 0.228 1.379 17.1 0.526 3.164 55.2 0.296 1.80 22.0 2.976 17.96 382

0.9 0.224 1.142 10.2 0.523 2.640 41.3 0.303 1.51 12.9 2.977 15.04 292

0.95 0.225 1.082 6.8 0.527 2.501 36.1 0.302 1.44 10.2 2.976 14.21 261

0.99 0.226 1.030 4.5 0.526 2.401 19.5 0.304 1.36 6.5 2.972 13.66 155

Table 2: Runtime (sec) on Github, 𝑘 = 50. Results for SS not shown as its runtime is prohibitive for this dataset.

Random Influential

𝜂 DKW MW DKW MW

0.5 0.079 1.010 9.314 82.64

0.75 0.076 0.449 8.916 55.05

0.9 0.075 0.369 8.945 46.19

0.95 0.076 0.696 9.615 44.11

0.99 0.076 0.681 9.324 41.67

Random Influential

𝜖 DKW MW DKW MW

0.2 0.007 0.034 0.566 4.081

0.15 0.010 0.054 1.030 6.784

0.1 0.021 0.107 2.273 12.87

0.05 0.076 0.374 9.104 45.61

0.01 2.151 8.399 224.8 1051

Results. Figure 2 reports reach versus probability threshold 𝜂

(cols. 1–2) and versus error tolerance 𝜖 at 𝜂 = 0.9 (cols. 3–4) on

NetHEPT and GitHub, for 50 random seeds (cols. 1,3) and 50 IMM

seeds (cols. 2,4). We show empirical CDF (absolute-error, blue),

combined SRA methods (relative-error, red), and expected reach

(dotted). All methods behave similarly on the other two datasets.

Accuracy. Although the CDF method uses only absolute-error guar-

antees, its reach estimates are competitive. SRA consistently out-

performs CDF when 𝜂 increases or 𝜖 decreases (more stringent

requirements). In every case, expected reach (dotted) is overly opti-

mistic, often substantially higher than any tail-guaranteed value.

Efficiency. Table 1 shows that EmpCDF runs up to two orders of

magnitude faster than binary-search SRA, while Multiway SRA cuts

search-based SRA time by a factor of 5–10, remaining under 10s on

EmailEU and Facebook. On GitHub (Table 2), both EmpCDF and

Multiway SRA scale well across all settings of 𝜂 and 𝜖 showing their

scalability. Similar runtime results were obtained for NetHEPT.

Overall, due to the relatively small difference in the performance

of DKW and MW and the substantially improved runtime achieved

by DKW, we argue that the method based on building an empirical

CDF is a strong approach to answering influence tail bound queries.

6 Conclusion
We study two innovative refinements of the widely studied in-

fluence estimation and maximization problems, which avoid the

practical shortcomings of the latter, whereby the actual value of the

objective attained in practice may fall short of the expected value

being optimized. Specifically, we analyzed two tail bound query

problems, established their #P-hardness, and proposed algorithms

that balanced efficiency and accuracy. We also investigated two

novel seed search problems and thoroughly analysed their com-

plexity landscape. We believe this work will yield new insights into

the tail distribution of the reach in IC and IM settings.
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7 GenAI Usage Disclosure
We used generative AI tools solely for language edits such as gram-

mar, punctuation, and clarity improvement, comparable to tradi-

tional writing assistants. These tools were not used to generate

original content or ideas.
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