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Exercise: 

Prove that the set S =  

{ π : π is a permutation of {1, 2, 3, …, n} 

 for some integer n ≥ 1 } 

 is countable. 
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CSC 320: 

Mathematics of 

computation 
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Mathematics of Computation 

Introduction to the mathematics of formal 
language theory: 

1. Alphabets, strings, languages. 
2. Mathematical operations on strings: 

concatenation, substring, prefix, suffix, 
reversal. 

3. Union, concatenation and Kleene star for 
languages. 
 

These definitions lead up to our first class of 
languages- the regular languages. 
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Review: Representing Data 

Alphabet: finite set of symbols 

          Ex. { a, b, c, … , z} 

String: finite sequence of alphabet 
symbols 

         Ex. abaab, hello, cccc 

Inputs and outputs of computations: 

           represented by strings. 

ε  represents an empty string (length 0) 
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Empty Set and Empty String 

Students frequently are confused about 
the empty set and an empty string. 

Empty set = Φ = { }  = set with 0 elements. 

Empty string= ε = ̀̀ ̀ ́ ́= string with 0 
symbols. 

 

Example: 

The set {ε} is a set containing one string. 
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First names of students taking CSC 320: 
{Adrian, Barry, Bernadette, Chiu, Christopher,  
Cory, Daniel, Derek, Devin, Emily, Eric, Erik, Evan,  
Fan, Gareth, Gregory, James, Jeremy, Jesse, Jessie, 
Justin, Kahlil, Kelvin, Laura, Lin, Ling-Yu, Lucas,  
Malcolm, Matthew, Maxwell, Michael, Nathan,  
Nazma, Nicholas, Nikolas, Pauline, Riley, Ryan, 
Sahibdeep, Simon, Thomas, Troy} 
 
Strings over {a,b} with even length 
    {ε , aa, ab, ba, bb, aaaa, aaab, aaba, …} 
 
Syntactically correct JAVA programs 

Language: set of strings 
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Notational Conventions 

x, y, z   real numbers 

 

k, n       integers 

 

A, B      matrices 

 

p, q       primes 

 

Σ, Σ´,Σ1 Σ2     
alphabets 

 

a, b, c, 0, 1     symbols 

 

u, v, w, x, y, z    strings 

 

L, L1, L2            languages 
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Concatenation of strings x and y denoted x ۰ y or simply 
xy means write down x followed by y. 
 
Theorem: For any string w,  ε ۰ w = w =  w ۰ ε. 
 
String v is a prefix of w if w= v y for some string y. 
 
String v is a suffix of w if w= x v for some string x. 
 
String v is a substring of w if there are strings x and y 
such that w= x v y. 
 

The reversal of string w, denoted wR, is w  
“spelled backwards”. 
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Operations on Languages: 

1.  Complement of L defined over Σ =  

    = { w  Σ* : w is not in L } 

2. Concatenation of Languages L1 ۰ L2 = L1 L2 =  

  {w= x۰y for some x  L1 and y L2} 

3. Kleene star of L, L* = { w= w1 w2 w3 … wk for 
some k ≥ 0 and w1, w2, w3,   …  ,wk are all in L} 

4. L+ = L ۰L*               

(Concatenate together one or more strings 
from L.) 
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Σ* = set of all strings over alphabet Σ 

Language over Σ – any subset of Σ* 

Examples: Σ = {0, 1} 

L1 = { w  Σ* : w has an even number of 0’s} 

L2 = { w  Σ* : w is the binary representation of  

         a prime number with no leading zeroes} 

L3 = Σ* 

L4 = { } = Φ 

L5 = { ε } 
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L2= {w  {0,1}* : w is the binary representation 
of a prime with no leading zeroes} 

The complement is: 

{w  {0,1}* : w is the binary representation of a 
number which is not prime which has no leading 
0’s or w starts with 0} 

Note: 1 is not prime or composite. The string 1 is 
in the complement since it is not in L. 
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Matrix multiplication: 

Concatenation: 

ab ۰ bb   =  abbb 

bb ۰ ab   =  bbab 
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Regular Languages over Alphabet Σ:  

[Basis] 1. Φ and {σ} for each σ  Σ are 
regular languages. 

[Inductive step] If L1 and L2 are regular 
languages, then so are: 

2. L1  ۰ L2 , 

3. L1 ⋃ L2 , and 

4.  L1 
*. 

 
 

 



14 

Regular expressions over Σ:  

[Basis] 1. Φ and σ for each σ  Σ are 
regular expressions. 

[Inductive step] If α and β are regular 
expressions, then so are: 

2. ( αβ) 

3. (α⋃β)      and 

4.  α* 

 
 

 

Note: Regular expressions 

are strings over 

Σ  ⋃  {  ( ,  ) ,  Φ , ⋃ ,  *  } 

for some alphabet Σ. 
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Precedence of Operators 

Exponents 

 

Multiplication 

 

Addition 

Kleene star 

 

Concatenation 

 

Union 

 

highest 

  ⇩ 
lowest 
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Prove the following languages over 
Σ={0,1} are regular by giving regular 
expressions for them: 

1.  {w: w has odd length} 

2.  {w: w contains 0011} 

3.  {w: w does not contain 01} 

4.  {w: w starts and ends with the same 
symbol (|w| ≥ 1)} 
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TUTORIAL: L = { w an element of {a,b}* : w has both 
baa and aaba as a substring }.  

(a|b)*baa(a|b)*aaba(a|b)*|(a|b)*aaba(a|b)*baa(a|b)* 

MISSING: 
aabaa, 
baaba,  
… 
See home 
page for link 
to regular 
expression 
tutorial 


